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Abstract

This paper studies the consistency of Bayesian nonparametric regression models. We
concentrate on the use of the sup metric and dealing with non—stochastic, i.e. designed,
covariate values. We illustrate our results on a normal mean regression function and
demonstrate the usefulness of a model based on piecewise constant functions.
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1. Introduction

This paper focuses on the posterior Bayesian consistency of regression models under a
supremum based metric and on non—stochastic or design covariates. Observations are of
the type (y;, z;)"_; which arise from some fixed but unknown regression model fo(y|z).
Here, the (z;) are assumed fixed non-random design points from the covariate space
X =0,1]. However, to start the theory, we take X = (z1, 29, 23, . . .), although examples
in later sections consider taking values from [0,1]. In our notation, however, we will
simply refer to z; as I. We use f to denote a conditional density from the Bayesian
model and for concreteness f(y|z) is assumed to be a density for all x with respect to
the Lebesgue measure. The Bayesian prior is written as II(df) on the function space F
and combines with the data to assign posterior mass to the set of conditional densities
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Our aim is to study consistency with respect to a sup based metric; and hence we are
interested in

A=Ac={[:sup H(f(|2), fo(|x)) <},

where H(f, fo) is the Hellinger distance between f and fy, given by

a0 ={ [ (Vi-VR)'}

We want to establish sufficient conditions on II which ensure that

1/2

II"(A) — 0

in probability.

There are not many results of this type in the literature. One such notable exception
is in Shively et al. (2009), where such a consistency result is obtained for a normal mean
regression function, when the function is assumed to be monotone on a bounded interval.

Posterior consistency is an important issue in Bayesian nonparametrics. A good re-
view is provided by Choi and Ramamoorthi (2008). Most techniques on demonstrating
consistency are developed for the case of independent and identically distributed obser-
vations. A popular approach is based on sieves and the existence of uniformly consistent
tests; see Barron et al. (1999) and Ghosal et al. (1999) for more details. Another ap-
proach was introduced in Walker (2003, 2004) and is based on the summability of square
roots of prior masses on the parameter space covering Hellinger balls. It is this latter
approach that will form the basis of the current paper.

Recent attention has been given to consistency for regression models. For instance,
Amewou-Atisso et al. (2003) studies the weak consistency of semiparametric linear regres-
sion models. Also, Ghosal and Roy (2006) investigates the consistency of nonparametric
binary regression models with unknown link functions using a Gaussian process prior.
On the other hand, Choi (2007); Choi and Schervish (2007); Choi (2005) give alternative
methods on the consistency of nonparametric regression models and multiple regression
models. However, the assumptions here are that the covariates are generated indepen-
dent and identically distributed from some distribution function, say ). Then, taking
the integrated Hellinger metric:

d(for f) = / H(fol-|2) £(|2)) dQ(x)

the resulting theory is identical to dealing with the independent and identically dis-
tributed case involving (y;,x;)"_;. The work about establishing the conditions on II
which provide consistency is typically harder because the model can be high dimen-
sional. A problem with this set—up is that it is not possible to establish consistency for
the predictive at a fixed point in the covariate space. Another problem is that it is not
always that covariates can be justified as being independent and identically distributed.

When covariates are non—stochastic, the analogous idea is to use the average metric

d(fo. f) = / H(fo(-|2) F(12)) dQu(z)
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where @,, is the empirical distribution of the (z;). Here consistency is established by
showing II"(Ag,,) — 0 where

Ae,n = {f : n_l ZH (f(|xz)7f0(‘xz)) < 6} .
i=1

Consistency here is a rather weak result and still says nothing about the consistency at
a particular choice of z.

The layout of the paper is as follows. In Section 2 we describe necessary preliminaries
including the basic assumptions. Section 3 contains the consistency results for both
the posterior and predictive distributions. In Section 4 we illustrate the findings by
establishing consistency for the normal model

fo(ylz) = N(ylbo(z), o7).

Finally, Section 5 contains a discussion and details future work.

2. Preliminaries.

This section will describe basic concepts and ideas for the strategies adopted in this
paper. To start, we assume that the covariates take values in X = {z1,22,...} and we
will typically for simplicity represent these as integers; i.e. X = {1,2,...}. Hence, we
are interested in the set

Ac ={F - H(CD), foltD) < e Vi=1,2,..}

and we will also define

Ay =A{f : H(f (D), fo(-1)) <€},

Ac = Aeu-
l

Qur aim is to find conditions on II for which

so that

II"(A) = 0

in probability, and hence we become interested in the set
Az =] Ag,
1

We will be taking finite versions of the model f for each sample size n and will denote
the size of the model by N, typically, though not always, suppressing the dependence on
n. As n — oo it will be that N — oo, and also n/N — oo.

Our technique then relies on the idea that if

H(f(11), fo(C11)) > €
for some I € {1,2,...} then for some I* € {1,..., N} it is that

H(f(1), fg(-ll*)) > en



for some ey > 0. To make this idea more general, let us say for z € X', now the continuous
covariate space, X = [0, 1], if

H(f(|x), fo(-|z)) > €

for some x € X then for some z* € Cn = {21,...,2n}, with each z; € X, it is that
H(f([z), fo(-|z")) > en

for some ey > 0. We will write e = ey and note that for each N, Cy is a fixed set.
Hence, we can now write, and we are now working under the assumption X = [0, 1],
for any IV,

A2 < U {FHUCD, follD) > en}
1,...,N

N
= YA
1=1
So, we have
N
(A7) < Y TIM(AL, ).
1=1

Now each A.; defines a set of densities, since the covariate value is the same. Hence, this

set of densities can be covered by sets of densities based on Hellinger balls of arbitrary

size. This follows from the separability of densities with respect to the Hellinger metric.
Hence, for each | € {1,..., N}, there exist disjoint sets

{AEN,l,j; .] = 1727 .. }

such that
(F,:N,l = U AENylvj'
J

Each A, ,; is a subset of a Hellinger ball, centered on f; ;, and of size Len.

Consequently,
N oo
(A9 < D0 T (Aey )
1=1 j=1

The posterior probability for a set A is now written as

Loa _ Jy Rulf)1I()
I~ Jr Ra(/)TI(d)

where we have again suppressed the dependence on N.

Since we are dealing with N, which will be depending on n, and we need to consider
€n, it follows that we need to proceed as though we are working with rates of convergence
ideas. We shall also rewrite the prior as II, as it is the belief on f with respect to each
Il ={1,2,...,N}. The hard part will be dealing with the numerator and hence here we
first consider the denominator. We will consider dealing with the numerator in Section
3.

" (A) =

4



The following Lemma deals appropriately with the denominator. It is similar to
Lemma 8.1 in Ghosal et al. (2000). We need to define the Kullback-Leibler divergence
of two densities f and g as

K(f.9) :/flogg,

_ AN
V(f,g)—/f<10gg) :
Lemma 1. Let

Ki(f) = K(fo(lz0), f(|z0)) and Vi(f) = V(fo(-1z1), f(-]21))-

Suppose that for a sequence &, with &, — 0 and né2 — oo, and some constant C > 0,
the prior satisfies

and we also define

HN{f L Ki(f) <&, Vi(f) <& vl= 1,...7N} > exp(—né;,C)

for all large n. Then,

/Rn(f) I (df) > exp{—né2(C + 1)} in probability.

PROOF. See Appendix.

3. Consistency results.

For reasons that will become clear later, we will take the first n covariates to be
from those N values which we have discussed in Section 2. Therefore, we have z; = 21
fori = 1,...,r,, and ©; = 2o for ¢« = r, +1,...,2r,, and so on, to z; = zn for
i=(N-Ur,+1,...,Nr,. So Nr, =n. We are not implying the order must be this
way, we are only suggesting that among the n samples, we take 7, of each covariates
le{l,...,N}, in any order. For the maths, it is convenient to assign a particular order.

Now define, for I =1,..., N,

Loy = /A R (f) T1(df)

en»LJ

from which we can see a standard result, e.g. Walker (2003), that

nlj  Jn—11\Yn|Tn
L f (Ynlzn)

Lnfl,l,j fO(yn|$n)

where f,—1, ;(-|z) is the predictive density for y,, given x,, based on a posterior restricted
and normalized to the set A, ;; and given the sample (z;, yi)?z_ll. Therefore,

12
E( 25 (o ) =1 L E2 (i (), foCn)
L1/2 n—1 = 2 n—1,0,7 n)yJO n))s
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where 0, = o((21,91), -+, (Tn, Yn))-
Taking z; for example, if x,, # z; then we can bound the RHS by 1, i.e.

L1/2 ‘
Lnflﬁl,j
On the other hand, if z,, = z;, then we have
H(fnfl,l,j("xn)v fO(‘(En)) 2 H(fl,j('|xn)v f0(|mn)) - H(fnfl,l,j('|xn)a fl,j('|mn))

where f; ; is the density at the center of A Hence,

€N,1,5°

H(f1,;(:|7n), fo(-lzn)) > en

and due to the convexity of the Hellinger balls,

H(fao114Clea), friClan)) < g

since the Hellinger balls are of size %e ~. Thus,

1 1
) HQ(fn—l,Lj('Ixn)a fO(lxn)) > 16?\[
and so for z,, = z; we have
M2 1
E (ngj oot | <1-— Ze?\,
Ln—LlJ

Putting this together with the covariates selected, we have

1 Tn
B(L;) < (1 - 462N> T(Acy1,5)-

Now observe that

Zl,] V Lin 1

According to the condition appearing in Lemma 1, the denominator has a lower bound,

VI zep{-22(C+1)

1" (A¢) <

in probability.
For the numerator, we see that

2 2
PA L, > e | semieinam s Vilen i)
enéﬁe—%”(f?\fﬂv) Z H(AEN’la.j) —0
Ly
6
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then ,
1/2 —nd,,
D Lili<e
l,j

in probability. We are obviously interested in the case when §2 = C€2 for some constant
C1, and hence we are interested in determining conditions on the prior for which

e O E 3 (X /)] Z \/ H(Aey 1) = 0.
L,j

We can put this into a Theorem:

Theorem 1. Since
H(fn(|2), fo(-]z)) > €
for some x € X implies

H(fn (D), fo(-1) > en
for somel € {1,..., N}, if the prior IIx satisfies the condition of Lemma 1 and

e =C1&, +3 (e /N))] Z /Tin(Acyij) — O,
l’j

then
In"(A¢) — 0

in probability when the covariates are taken according to x; = z; for (j —1)rp+1 < <
Jrn, forj=1,...,N and r, =n/N.

We notice that it is desirable for ey = me, or specifically that 7 does not go to 0. This
will be clear in the example that follows in Section 4.
The predictive based on the sequence of posterior II"” and any new fixed x is given by

Flolo) = [ s(wlonr @)
The next theorem shows this specific predictive is also consistent.
Theorem 2. If the posterior is consistent, i.e.
" (AS) — 0

i probability, then

~

H(f(|2), fo(-lz)) =0
in probability.



ProoOF. By Jensen’s inequality and the convexity of the squared Hellinger distance we
have

-~

H(F(la). folla)) = H( / f(-x)H"(df>,fo<-x>)
< / H(f (L), fol-2)II" (df)
= [ HG ), fol )T + /A H(f (). fol-le))TT"(dF)

Ag
< TI™(AS +e.

Thus the proof is completed by the fact that e is arbitrary and II"(A¢) — 0 in probability.

4. Example

This section will consider a normal example, assuming that y is normally distributed
with mean function 6(z) and variance 0. So prior distributions will be constructed for
6 and o. We also assume that the covariate space is X = [0, 1]. Following Shively et al.
(2009) we need to make assumptions on the true function fy(x) in order to obtain results
for the sup metric. The assumption here is less restrictive than that of Shively et al.
(2009).

We will also discuss here the choice of 8. From Sections 2 and 3 it turns out to be
quite important that we have ey = mye and 7y stays away from 0. For example, using
a polynomial of order N for modeling 6y results in a 75 which goes to 0 too fast. This
actually ensures there is no consistency result as we can not deal with the numerator and
denominator to get the desired consistency. A form of function for 6y that does allow
mn — 1 is a piecewise constant function. So we define

On(z)=p; forze((j—1)/N,j/N] (1)

for j =1,...,N. For us, each §; will be allocated an independent normal prior distri-
bution with zero mean and variance t?.

Lemma 2. Assume that 6 is Lipschitz continuous on [0, 1] such that for any x;,zs € X,
|00(z1) — bo(22)| < Clz1 — 22],

for some constant C' < +oco. If |0y (z) — Op(z)| > € for some = € [0,1], then for some
je{l,...,N}itis that |On(5/N)—00(j/N)| > en, where ey = € —¢/N, and ¢ depends
only on 6.

PROOF. We have that, for z € (( —1)/N, j/N],
0n (3/N) = 00(G/N)| > [0n(3/N) = bo(x)| — [60(z) = 00(5/N)I.

The first term on the right side is lower bounded by € and the second term has an upper
bound of ¢/N due to the Lipschitz condition. This completes the proof.
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4.1. Denominator

We first deal with the denominator and therefore we need to consider K;(0,0) =
K(f%,ao('”)a f9,a('|l)) and ‘/l(97 0) = V(feo,ao('|l)7 f0,0('|l)) forl € {17 ceey N} The next
result introduces a way to calculate the prior mass on the Kullback-Leibeler neighborhood

of f().

Theorem 3. For all § > 0, there exist constants c; > 0 and co > 0, independent of ¢,
such that if
sup|f(x) — Oo(x)| < and |(oo/o)—1] < 9§

then it is that
sup K (0,0) <c16 and supV;(0,0) < c20.

PROOF. See Appendix.

Hence, we focus on finding a lower bound for

H{(ﬂ,ﬂ) o sup [On(G/N) = 00(§/N)| <90, |(o0/0) —1] < 5}-

je{1,..,N}

If we model # and o independently then we separate
1t {0 sup 6w(3/N) ~ 60(G/N)| < 8 and 10 (/) ~ 1] < 3}
J

For the o probability, it is easy to show that
II, {|(00/0) = 1| < §} ~ 27, (00)dog

for small 0, where 7, is the prior density for ¢ and we assume II, put positive mass
around o, which is easy to achieve in practice by having the prior to be something like
a gamma density, for example. To confirm this result, it is of interest to compute

oo oo 1-6
H =
{1+6<U<1—5} /150 m(u)du

X
Do
)
Q
N
[«
S
2

given the § is very small.
For the 6 probability, we note that

1t {5 sup 63 (/) — 60(i/)] < 3 =105 { 32 5up15; = 6003/ < .

This is given by
N
[T, 8) <18 — 60(i/N)| < 6}

j=1

9



which is given by
N B0 (3/N)+

—0.552/t§ ds
,175 V2T Joo(j/N)—5

which is for small § asymptotically equivalent to

(\/Qi) Ht Yexp {—03(j/N)/t3} .

Since 62 is bounded above and the (¢;) are constant, then for some 1 < 1 it is that

Jje{1,...N}

I {(fw) cswp 10w G/N) — 06(/N)| < 8, [(o0/0) 1] < 5} > NN+

Therefore, to apply Lemma 1, we would be looking for €2 such that
—Nlogé® — Nlogy < né

which is satisfied for
e = (N/n)'~

for any a > 0.

4.2. Numerator

We now look at the numerator. First, we establish that

%HQ(f("x)vfo('W) =1—/7(0,00) exp {_iw} ’

where
2000

Tlo00) = S or

So, if H(f(+|x), fo(:]z)) > €* for some €*, which depends on €, then either
[(0o/0) —1| > € or |Op(z)—0(z)| > e.

Thus

N
A C U {0 :160(1) — 6p(D)| > eN}U{U |(oo/o) — 1] > €}.

=1

The final term of the union can be dealt with straightforwardly; it is quite easy to show

that
/B Ro(f)T1(df) < e

a.s. for all large n for some ¢, > 0, where B, = {0 : |(09/0) — 1| > €}. The union of the
remaining terms can be dealt with using Theorem 1. So, since we have

& = (N/n)'—™
10



for any o > 0, we need to determine N,, such N,,é2 — 0. This happens when we take N
so that
N /pl=> 0.

Therefore, N = nz=° for any « > 0 is sufficient. Now we are only left with showing that

Z \/H(AEN,l,j) < My
Ly

where My < oo and that MNne’E”/N" — 0.

Theorem 4. The sum of square rooted prior mass on Hellinger covering balls is bounded
by

> (A1) < My

Lj

€7n/NMN — 0.

and

PRrROOF. See Appendix.

In summary, we are showing that the numerator is bounded above by
e—ne/N MN

for some constant € > 0, where N,, = n2 = for any a > 0, ang Mye=<"/N) — 0. On the
other hand, the denominator is bounded below by e~*™/")""% for any o > 0. Putting
these together yields the desired consistency.

5. Discussion

In this paper we have concentrated on establishing consistency for Bayesian regression
models with non—stochastic covariates and with respect to a sup Hellinger metric. The
example has illuminated the strategy of constructing the prior based on the sample size.
We would advocate such a procedure. Bayesian infinite mixture models with each mixture
representing a nonparametric regression model would appear to be too unidentifiable and
with a finite data set are clearly over—parameterized. Allowing the model to increase with
the data makes perfect sense. In the mean regression function we advocate a piecewise
constant model for the function with effectively /n pieces.

We would next extend the theory to mixture models and it is our anticipation that
we would work with N,, mixtures for a sample of size n where N,, would need to be
determined to present the sup Hellinger consistency. Work on this is ongoing.

We are not pursuing the standard Bayesian consistency ideas for regression for a
number of reasons. The theory, once the covariates are assumed to be i.i.d., is just that
for i.i.d. data and the toughness is due to verifying the conditions for the i.i.d. case
which now are needed to be worked out in higher dimensions. Additionally covariates
are rarely i.i.d. and are often designed. Our results give an indication of how to take
covariates to ensure consistency. Finally, we are able to establish consistency for the
predictive at a particular choice of covariate value, not possible if they are assumed to
be i.i.d.
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6. Appendix

PROOF OF LEMMA 1. The f(:|z) is a density indexed by z; and (z;)!_; take values from
(21,...,2N). Therefore, K;(f) < & and V|(f) < & for [ = 1,2,... are equivalent to

Kz(f) = K(f0(|$z)7f(|xz)) < gzm Vi=1,...,n

and
Vi) =V (follz), f(|z)) <&, Vi=1,...,n.

Hence the condition on the prior is equivalent to
I{f: K(f) <& Vi(f) <& Vi=1,...,n} > exp(—nésC)

for all large n.
The proof follows similarly to Ghosal et al. (2000). By Jensen’s inequality,

T L il [ 1og L (ke
log/il:[lﬂ)(wxz)ﬂ(df) > ;/1 gfo (yi| ) IL(df).

Thus
P ( / H L (o) < exp(-nEh(C + 1)))

_p <log/f[1£)(yi|xi)ﬂ(df) < —n&(C+ 1))

< P(é/l £ sl () <~ (C -+ 1)

- P (‘{f 2/1 %(yim)n(df) < —Vné(C + 1))

= P ({l 2/1 %(y”zi)n(df) —P<—/n&(C+1)— P)
where

P= LB [t [ os f o) d
so P> —\/né.
Therefore,

(/ 1 £ el < exp(n <c+1>>>
< ( Z [ 108 Ll <df>—Pg—ﬁego>.
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Since E</1og;;(yi|3?i)n(df)> :/fo(yi|xi)/log%(yim)ﬂ(df) dyi,

applying Chebyshev’s inequality, the previous probability is bounded above by

Var[ Y2 57 [ log 4 (gl TI(dS)]
néLC?
& 2iey Var[[ log £ (yila)1L(df)]
netC?
% Z:‘l:l f fo[f log T{)(yi‘mi)n(df)]Qdyi
net C?
% > izt J fo [[log %(yi‘xi)]QH(df)dyi

742
néxC

IN

IN

(by Jensen’s inequality)
e

netC?
1

nezC?

IN

Therefore,
/H fi(yl|xl)H(df) > exp(—né2 (C + 1)) in probability
=10
completing the proof.
PRrROOF OF THEOREM 3. If

sup |0(z) — Op(z)| < J, and ‘?—1‘ <9,

then
o2

2
0o

26 — 2
(1—-0)*
Therefore, let ¢ = 26 /(1 — 6)% > (25 — §2)/(1 — §)?, so it is also true that

sup |0(z) — 0o(x)|* < 6* and

-1 <

sup(f(x) — p(x))* <1 and Z—z - 1‘ < .
z 0
Now
_ 1.0 1 a5\ , 1[0(z) = bo(2))?
K,(0,0) = ZlOgag_Q( —0_2) SR e
1 1 1 1
< p(yrs <1—w>aa>
Hence
K,(0,0) < (2+057?) T2 Q_ZJw



In addition,

Since

v 20
1—1¢ 1—486+ 62

for 0 < ¢ < £, the proof can be completed by choosing ¢; = 4(2 + 062) and ¢y = 24.

< 45,

PrOOF OF THEOREM 4. The covering Hellinger balls of the function space is constructed
as follows and is based on the squared Hellinger distance between two parameter n; =

(01(x),01) and 19 = (62(x), 02) being

B ) S =220 {0 [T

Then H[f,,, fn,] < 0 is equivalent to

sup 01 (z) — O2(x)| < 6%,

given the information of the variance. Recall the 6(x) is piecewise constant £ on ((k —
1)/N, k/N]. Thus the partition of 6 space is the partition of 5 space given o. That is,

A = 1Bk : mpeo? < B < (my + 1)ec?},

where the my, are integers from (—o0, +00).
The Hellinger distance between f,, and f,, bounded by §, with respect to the vari-
ance, is equivalent to |01 /02| < d5. Thus the partition of the half real line for o is

Ap = {0 :m*83 <logo < (m* +1)d3},

where m* is also integer from (—o0, +00). Hence, the probability of interest is given by

Z V H(A€N7l;j)

= Z \/P logo € {m*d3, (m* + 1)05}] x

m*=—o00

< 4 Z {\/Plogae{m*5§,(m +1)d5}]

m*=0

1 +4<2w>-i<t2>3/21}.

€0
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The calculation is similar to that of the infinite-dimensional exponential families of
Walker (2004). Put ¢, = k= with s > 1, we have, for some constant A\ = 4(27) "3 /e > 0

Z \/ H(Aeml,j)

<1y WP“Og" & {m6, (m* + 1IF}(1+re o % >N}

m*=0

0 5 m*Q(S*Z
< 4 2 _exp| ——2 |1+ NV
mZO oy P L )

Thus, for some constant

S VI(A 1) < QN+ N,
l,j

That is, we can take My = N exp(NT) for some 7 = log(1 4+ A) > 0.
Now e~V is exp(—enzT) and M,, = N exp(rn2~%), and so

€_n€/NMN — 0

as required.
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