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Abstract

This paper studies the consistency of Bayesian nonparametric regression models. We
concentrate on the use of the sup metric and dealing with non–stochastic, i.e. designed,
covariate values. We illustrate our results on a normal mean regression function and
demonstrate the usefulness of a model based on piecewise constant functions.
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1. Introduction

This paper focuses on the posterior Bayesian consistency of regression models under a
supremum based metric and on non–stochastic or design covariates. Observations are of
the type (yi, xi)

n
i=1 which arise from some fixed but unknown regression model f0(y|x).

Here, the (xi) are assumed fixed non-random design points from the covariate space
X = [0, 1]. However, to start the theory, we take X = (z1, z2, z3, . . .), although examples
in later sections consider taking values from [0, 1]. In our notation, however, we will
simply refer to zl as l. We use f to denote a conditional density from the Bayesian
model and for concreteness f(y|x) is assumed to be a density for all x with respect to
the Lebesgue measure. The Bayesian prior is written as Π(df) on the function space F
and combines with the data to assign posterior mass to the set of conditional densities
A as

Πn(A) =
IA
IF

=

∫
A
Rn(f)Π(df)∫

F Rn(f)Π(df)
,

where

Rn(f) =
n∏

i=1

f(yi|xi)
f0(yi|xi)

.
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Our aim is to study consistency with respect to a sup based metric; and hence we are
interested in

A = Aϵ = {f : sup
x
H(f(·|x), f0(·|x)) < ϵ},

where H(f, f0) is the Hellinger distance between f and f0, given by

H(f, f0) =

{∫ (√
f −

√
f0

)2}1/2

.

We want to establish sufficient conditions on Π which ensure that

Πn(Ac
ϵ) → 0

in probability.
There are not many results of this type in the literature. One such notable exception

is in Shively et al. (2009), where such a consistency result is obtained for a normal mean
regression function, when the function is assumed to be monotone on a bounded interval.

Posterior consistency is an important issue in Bayesian nonparametrics. A good re-
view is provided by Choi and Ramamoorthi (2008). Most techniques on demonstrating
consistency are developed for the case of independent and identically distributed obser-
vations. A popular approach is based on sieves and the existence of uniformly consistent
tests; see Barron et al. (1999) and Ghosal et al. (1999) for more details. Another ap-
proach was introduced in Walker (2003, 2004) and is based on the summability of square
roots of prior masses on the parameter space covering Hellinger balls. It is this latter
approach that will form the basis of the current paper.

Recent attention has been given to consistency for regression models. For instance,
Amewou-Atisso et al. (2003) studies the weak consistency of semiparametric linear regres-
sion models. Also, Ghosal and Roy (2006) investigates the consistency of nonparametric
binary regression models with unknown link functions using a Gaussian process prior.
On the other hand, Choi (2007); Choi and Schervish (2007); Choi (2005) give alternative
methods on the consistency of nonparametric regression models and multiple regression
models. However, the assumptions here are that the covariates are generated indepen-
dent and identically distributed from some distribution function, say Q. Then, taking
the integrated Hellinger metric:

d(f0, f) =

∫
H(f0(·|x) f(·|x)) dQ(x)

the resulting theory is identical to dealing with the independent and identically dis-
tributed case involving (yi, xi)

n
i=1. The work about establishing the conditions on Π

which provide consistency is typically harder because the model can be high dimen-
sional. A problem with this set–up is that it is not possible to establish consistency for
the predictive at a fixed point in the covariate space. Another problem is that it is not
always that covariates can be justified as being independent and identically distributed.

When covariates are non–stochastic, the analogous idea is to use the average metric

d(f0, f) =

∫
H(f0(·|x) f(·|x)) dQn(x)
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where Qn is the empirical distribution of the (xi). Here consistency is established by
showing Πn(Ac

ϵ,n) → 0 where

Aϵ,n =

{
f : n−1

n∑
i=1

H (f(·|xi), f0(·|xi)) < ϵ

}
.

Consistency here is a rather weak result and still says nothing about the consistency at
a particular choice of x.

The layout of the paper is as follows. In Section 2 we describe necessary preliminaries
including the basic assumptions. Section 3 contains the consistency results for both
the posterior and predictive distributions. In Section 4 we illustrate the findings by
establishing consistency for the normal model

f0(y|x) = N(y|θ0(x), σ2
0).

Finally, Section 5 contains a discussion and details future work.

2. Preliminaries.

This section will describe basic concepts and ideas for the strategies adopted in this
paper. To start, we assume that the covariates take values in X = {z1, z2, . . .} and we
will typically for simplicity represent these as integers; i.e. X = {1, 2, . . .}. Hence, we
are interested in the set

Aϵ = {f : H(f(·|l), f0(·|l)) < ϵ ∀l = 1, 2, ...}

and we will also define
Aϵ,l = {f : H(f(·|l), f0(·|l)) < ϵ},

so that
Aϵ =

∩
l

Aϵ,l.

Our aim is to find conditions on Π for which

Πn(Ac
ϵ) → 0

in probability, and hence we become interested in the set

Ac
ϵ =

∪
l

Ac
ϵ,l.

We will be taking finite versions of the model f for each sample size n and will denote
the size of the model by N , typically, though not always, suppressing the dependence on
n. As n→ ∞ it will be that N → ∞, and also n/N → ∞.

Our technique then relies on the idea that if

H(f(·|l), f0(·|l)) > ϵ

for some l ∈ {1, 2, . . .} then for some l∗ ∈ {1, . . . , N} it is that

H(f(·|l∗), f0(·|l∗)) > ϵN
3



for some ϵN > 0. To make this idea more general, let us say for x ∈ X , now the continuous
covariate space, X = [0, 1], if

H(f(·|x), f0(·|x)) > ϵ

for some x ∈ X then for some x∗ ∈ CN = {z1, . . . , zN}, with each zj ∈ X , it is that

H(f(·|x∗), f0(·|x∗)) > ϵN

for some ϵN > 0. We will write ϵN = ϵπN and note that for each N , CN is a fixed set.
Hence, we can now write, and we are now working under the assumption X = [0, 1],

for any N ,

Ac
ϵ ⊂

∪
1,...,N

{f : H(f(·|l), f0(·|l)) > ϵN}

=
N∪
l=1

Ac
ϵN ,l.

So, we have

Πn(Ac
ϵ) ≤

N∑
l=1

Πn(Ac
ϵN ,l).

Now each Aϵ,l defines a set of densities, since the covariate value is the same. Hence, this
set of densities can be covered by sets of densities based on Hellinger balls of arbitrary
size. This follows from the separability of densities with respect to the Hellinger metric.

Hence, for each l ∈ {1, . . . , N}, there exist disjoint sets

{AϵN ,l,j ; j = 1, 2, . . .}

such that
Ac

ϵN ,l =
∪
j

AϵN ,l,j .

Each AϵN ,l,j is a subset of a Hellinger ball, centered on fl,j , and of size 1
2
ϵN .

Consequently,

Πn(Ac
ϵ) ≤

N∑
l=1

∞∑
j=1

Πn(AϵN ,l,j).

The posterior probability for a set A is now written as

Πn(A) =
In,A
In

=

∫
A
Rn(f)Π(df)∫

F Rn(f)Π(df)

where we have again suppressed the dependence on N .
Since we are dealing with N , which will be depending on n, and we need to consider

ϵN , it follows that we need to proceed as though we are working with rates of convergence
ideas. We shall also rewrite the prior as ΠN , as it is the belief on f with respect to each
l = {1, 2, ..., N}. The hard part will be dealing with the numerator and hence here we
first consider the denominator. We will consider dealing with the numerator in Section
3.
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The following Lemma deals appropriately with the denominator. It is similar to
Lemma 8.1 in Ghosal et al. (2000). We need to define the Kullback-Leibler divergence
of two densities f and g as

K(f, g) =

∫
f log

f

g
,

and we also define

V (f, g) =

∫
f

(
log

f

g

)2

.

Lemma 1. Let

Kl(f) = K(f0(.|zl), f(.|zl)) and Vl(f) = V (f0(.|zl), f(.|zl)).

Suppose that for a sequence ϵ̃n with ϵ̃n → 0 and nϵ̃2n → ∞, and some constant C > 0,
the prior satisfies

ΠN

{
f : Kl(f) < ϵ̃2n, Vl(f) < ϵ̃2n ∀l = 1, . . . , N

}
≥ exp(−nϵ̃2nC)

for all large n. Then,∫
Rn(f)ΠN (df) ≥ exp{−nϵ̃2n(C + 1)} in probability.

Proof. See Appendix.

3. Consistency results.

For reasons that will become clear later, we will take the first n covariates to be
from those N values which we have discussed in Section 2. Therefore, we have xi = z1
for i = 1, . . . , rn, and xi = z2 for i = rn + 1, . . . , 2rn, and so on, to xi = zN for
i = (N − 1)rn + 1, . . . , Nrn. So Nrn = n. We are not implying the order must be this
way, we are only suggesting that among the n samples, we take rn of each covariates
l ∈ {1, . . . , N}, in any order. For the maths, it is convenient to assign a particular order.

Now define, for l = 1, . . . , N ,

Ln,l,j =

∫
AϵN ,l,j

Rn(f)Π(df)

from which we can see a standard result, e.g. Walker (2003), that

Ln,l,j

Ln−1,l,j
=
fn−1,l,j(yn|xn)
f0(yn|xn)

where fn−1,l,j(·|xn) is the predictive density for yn given xn based on a posterior restricted
and normalized to the set AϵN ,l,j and given the sample (xi, yi)

n−1
i=1 . Therefore,

E

(
L
1/2
n,l,j

L
1/2
n−1,l,j

|σn−1

)
= 1− 1

2
H2(fn−1,l,j(·|xn), f0(·|xn)),
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where σn = σ((x1, y1), . . . , (xn, yn)).
Taking z1 for example, if xn ̸= z1 then we can bound the RHS by 1, i.e.

E

(
L
1/2
n,1,j

L
1/2
n−1,1,j

|σn−1

)
≤ 1.

On the other hand, if xn = z1, then we have

H(fn−1,1,j(·|xn), f0(·|xn)) ≥ H(f1,j(·|xn), f0(·|xn))−H(fn−1,1,j(·|xn), f1,j(·|xn))

where f1,j is the density at the center of AϵN,1,j
. Hence,

H(f1,j(·|xn), f0(·|xn)) > ϵN

and due to the convexity of the Hellinger balls,

H(fn−1,1,j(·|xn), f1,j(·|xn)) ≤
1

2
ϵN

since the Hellinger balls are of size 1
2ϵN . Thus,

1

2
H2(fn−1,1,j(·|xn), f0(·|xn)) ≥

1

4
ϵ2N

and so for xn = z1 we have

E

(
L
1/2
n,1,j

L
1/2
n−1,1,j

|σn−1

)
≤ 1− 1

4
ϵ2N .

Putting this together with the covariates selected, we have

E
(
L
1/2
n,1,j

)
≤
(
1− 1

4
ϵ2N

)rn √
Π(AϵN ,1,j).

Now observe that

Πn(Ac
ϵ) ≤

∑
l,j

√
Ln,l,j√
In

.

According to the condition appearing in Lemma 1, the denominator has a lower bound,
i.e., √

In ≥ exp
{
−n
2
ϵ̃2n(C + 1)

}
in probability.

For the numerator, we see that

P

∑
l,j

L
1/2
n,l,j > e−nδ2n

 ≤ enδ
2
ne−

1
4n(ϵ

2
N/N)

∑
l,j

√
Π(AϵN ,l,j)

and so if

enδ
2
ne−

1
4n(ϵ

2
N/N)

∑
l,j

√
Π(AϵN ,l,j) → 0
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then ∑
l,j

L
1/2
n,l,j < e−nδ2n

in probability. We are obviously interested in the case when δ2n = C1ϵ̃
2
n for some constant

C1, and hence we are interested in determining conditions on the prior for which

e−n[−C1 ϵ̃
2
n+

1
4 (ϵ

2
N/N)]

∑
l,j

√
Π(AϵN ,l,j) → 0.

We can put this into a Theorem:

Theorem 1. Since
H(fN (·|x), f0(·|x)) > ϵ

for some x ∈ X implies
H(fN (·|l), f0(·|l)) > ϵN

for some l ∈ {1, . . . , N}, if the prior ΠN satisfies the condition of Lemma 1 and

e−n[−C1 ϵ̃
2
n+

1
4 (ϵ

2
N/N)]

∑
l,j

√
ΠN (AϵN ,l,j) → 0,

then
Πn(Ac

ϵ) → 0

in probability when the covariates are taken according to xi = zj for (j − 1)rn + 1 ≤ i ≤
jrn, for j = 1, . . . , N and rn = n/N .

We notice that it is desirable for ϵN = πϵ, or specifically that πN does not go to 0. This
will be clear in the example that follows in Section 4.

The predictive based on the sequence of posterior Πn and any new fixed x is given by

f̂(y|x) =
∫
f(y|x)Πn(df).

The next theorem shows this specific predictive is also consistent.

Theorem 2. If the posterior is consistent, i.e.

Πn(Ac
ϵ) → 0

in probability, then
H(f̂(·|x), f0(·|x)) → 0

in probability.
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Proof. By Jensen’s inequality and the convexity of the squared Hellinger distance we
have

H(f̂(·|x), f0(·|x)) = H

(∫
f(·|x)Πn(df), f0(·|x)

)
<

∫
H(f(·|x), f0(·|x))Πn(df)

=

∫
Ac

ϵ

H(f(·|x), f0(·|x))Πn(df) +

∫
Aϵ

H(f(·|x), f0(·|x))Πn(df)

< Πn(Ac
ϵ) + ϵ.

Thus the proof is completed by the fact that ϵ is arbitrary and Πn(Ac
ϵ) → 0 in probability.

4. Example

This section will consider a normal example, assuming that y is normally distributed
with mean function θ(x) and variance σ2. So prior distributions will be constructed for
θ and σ. We also assume that the covariate space is X = [0, 1]. Following Shively et al.
(2009) we need to make assumptions on the true function θ0(x) in order to obtain results
for the sup metric. The assumption here is less restrictive than that of Shively et al.
(2009).

We will also discuss here the choice of θN . From Sections 2 and 3 it turns out to be
quite important that we have ϵN = πN ϵ and πN stays away from 0. For example, using
a polynomial of order N for modeling θN results in a πN which goes to 0 too fast. This
actually ensures there is no consistency result as we can not deal with the numerator and
denominator to get the desired consistency. A form of function for θN that does allow
πN → 1 is a piecewise constant function. So we define

θN (x) = βj for x ∈ ( (j − 1)/N, j/N ] (1)

for j = 1, . . . , N . For us, each βj will be allocated an independent normal prior distri-
bution with zero mean and variance t2j .

Lemma 2. Assume that θ0 is Lipschitz continuous on [0, 1] such that for any x1, x2 ∈ X ,

|θ0(x1)− θ0(x2)| ≤ C|x1 − x2|,

for some constant C < +∞. If |θN (x) − θ0(x)| > ϵ for some x ∈ [0, 1], then for some
j ∈ {1, . . . , N} it is that |θN (j/N)− θ0(j/N)| > ϵN , where ϵN = ϵ−ϕ/N , and ϕ depends
only on θ0.

Proof. We have that, for x ∈ ((j − 1)/N, j/N ],

|θN (j/N)− θ0(j/N)| > |θN (j/N)− θ0(x)| − |θ0(x)− θ0(j/N)|.

The first term on the right side is lower bounded by ϵ and the second term has an upper
bound of ϕ/N due to the Lipschitz condition. This completes the proof.
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4.1. Denominator

We first deal with the denominator and therefore we need to consider Kl(θ, σ) =
K(fθ0,σ0

(·|l), fθ,σ(·|l)) and Vl(θ, σ) = V (fθ0,σ0
(·|l), fθ,σ(·|l)) for l ∈ {1, . . . , N}. The next

result introduces a way to calculate the prior mass on the Kullback-Leibeler neighborhood
of f0.

Theorem 3. For all δ > 0, there exist constants c1 > 0 and c2 > 0, independent of δ,
such that if

sup
x

|θ(x)− θ0(x)| < δ and |(σ0/σ)− 1| < δ

then it is that
sup
x
Kx(θ, σ) < c1δ and sup

x
Vx(θ, σ) < c2δ.

Proof. See Appendix.

Hence, we focus on finding a lower bound for

Π

{
(θ, σ) : sup

j∈{1,...,N}
|θN (j/N)− θ0(j/N)| < δ, |(σ0/σ)− 1| < δ

}
.

If we model θ and σ independently then we separate

Πθ

{
θ : sup

j
|θN (j/N)− θ0(j/N)| < δ

}
and Πσ {|(σ0/σ)− 1| < δ} .

For the σ probability, it is easy to show that

Πσ {|(σ0/σ)− 1| < δ} ∼ 2πσ(σ0)δσ0

for small δ, where πσ is the prior density for σ and we assume Πσ put positive mass
around σ0, which is easy to achieve in practice by having the prior to be something like
a gamma density, for example. To confirm this result, it is of interest to compute

Π

{
σ0

1 + δ
< σ <

σ0
1− δ

}
=

∫ σ0
1−δ

σ0
1+δ

π(u)du

≈ 2π(σ0)
δσ0

(1− δ)(1 + δ)

≈ 2π(σ0)δσ0,

given the δ is very small.
For the θ probability, we note that

Πθ

{
θ : sup

j
|θN (j/N)− θ0(j/N)| < δ

}
= Πβ

{
β : sup

j
|βj − θ0(j/N)| < δ

}
.

This is given by
N∏
j=1

Πβj {βj : |βj − θ0(j/N)| < δ}
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which is given by
N∏
j=1

1

tj
√
2π

∫ θ0(j/N)+δ

θ0(j/N)−δ

e−0.5s2/t2j ds

which is for small δ asymptotically equivalent to(
2δ√
2π

)N N∏
j=1

t−1
j exp

{
−θ20(j/N)/t2j

}
.

Since θ20 is bounded above and the (tj) are constant, then for some ψ < 1 it is that

Π

{
(θ, σ) : sup

j∈{1,...,N}
|θN (j/N)− θ0(j/N)| < δ, |(σ0/σ)− 1| < δ

}
> ψNδN+1.

Therefore, to apply Lemma 1, we would be looking for ϵ̃2n such that

−N log ϵ̃2n −N logψ < nϵ̃2n

which is satisfied for
ϵ̃2n = (N/n)1−α

for any α > 0.

4.2. Numerator

We now look at the numerator. First, we establish that

1

2
H2(f(·|x), f0(·|x)) = 1−

√
τ(σ, σ0) exp

{
−1

4

(θ(x)− θ0(x))
2

σ2 + σ2
0

}
,

where

τ(σ, σ0) =
2σσ0
σ2 + σ2

0

.

So, if H(f(·|x), f0(·|x)) > ϵ∗ for some ϵ∗, which depends on ϵ, then either

|(σ0/σ)− 1| > ϵ or |θ0(x)− θ(x)| > ϵ.

Thus

Aϵ ⊂
N∪
l=1

{θ : |θ(l)− θ0(l)| > ϵN}
∪

{σ : |(σ0/σ)− 1| > ϵ} .

The final term of the union can be dealt with straightforwardly; it is quite easy to show
that ∫

Bϵ

Rn(f)Π(df) < e−ncϵ

a.s. for all large n for some cϵ > 0, where Bϵ = {σ : |(σ0/σ)− 1| > ϵ}. The union of the
remaining terms can be dealt with using Theorem 1. So, since we have

ϵ̃2n = (N/n)1−α

10



for any α > 0, we need to determine Nn such Nnϵ̃
2
n → 0. This happens when we take N

so that
N2−α/n1−α → 0.

Therefore, N = n
1
2−α for any α > 0 is sufficient. Now we are only left with showing that∑

l,j

√
Π(AϵN ,l,j) < MN

where MN <∞ and that MNne
−ϵn/Nn → 0.

Theorem 4. The sum of square rooted prior mass on Hellinger covering balls is bounded
by ∑

l,j

√
Π(AϵN ,l,j) < MN

and
e−n/NMN → 0.

Proof. See Appendix.

In summary, we are showing that the numerator is bounded above by

e−nϵ/N MN

for some constant ϵ > 0, where Nn = n
1
2−α for any α > 0, and MNe

−ϵ(n/N) → 0. On the
other hand, the denominator is bounded below by e−n(N/n)1−α

for any α > 0. Putting
these together yields the desired consistency.

5. Discussion

In this paper we have concentrated on establishing consistency for Bayesian regression
models with non–stochastic covariates and with respect to a sup Hellinger metric. The
example has illuminated the strategy of constructing the prior based on the sample size.
We would advocate such a procedure. Bayesian infinite mixture models with each mixture
representing a nonparametric regression model would appear to be too unidentifiable and
with a finite data set are clearly over–parameterized. Allowing the model to increase with
the data makes perfect sense. In the mean regression function we advocate a piecewise
constant model for the function with effectively

√
n pieces.

We would next extend the theory to mixture models and it is our anticipation that
we would work with Nn mixtures for a sample of size n where Nn would need to be
determined to present the sup Hellinger consistency. Work on this is ongoing.

We are not pursuing the standard Bayesian consistency ideas for regression for a
number of reasons. The theory, once the covariates are assumed to be i.i.d., is just that
for i.i.d. data and the toughness is due to verifying the conditions for the i.i.d. case
which now are needed to be worked out in higher dimensions. Additionally covariates
are rarely i.i.d. and are often designed. Our results give an indication of how to take
covariates to ensure consistency. Finally, we are able to establish consistency for the
predictive at a particular choice of covariate value, not possible if they are assumed to
be i.i.d.
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6. Appendix

Proof of lemma 1. The f(·|zl) is a density indexed by zl and (xi)
n
i=1 take values from

(z1, . . . , zN ). Therefore, Kl(f) < ϵ̃2n and Vl(f) < ϵ̃2n for l = 1, 2, ... are equivalent to

Ki(f) = K(f0(.|xi), f(.|xi)) < ϵ̃2n, ∀i = 1, . . . , n

and
Vi(f) = V (f0(.|xi), f(.|xi)) < ϵ̃2n, ∀i = 1, . . . , n.

Hence the condition on the prior is equivalent to

Π
{
f : Ki(f) < ϵ̃2n Vi(f) < ϵ̃2n ∀i = 1, . . . , n

}
≥ exp(−nϵ̃2nC)

for all large n.
The proof follows similarly to Ghosal et al. (2000). By Jensen’s inequality,

log

∫ n∏
i=1

f

f0
(yi|xi)Π(df) ≥

n∑
i=1

∫
log

f

f0
(yi|xi)Π(df).

Thus

P

(∫ n∏
i=1

f

f0
(yi|xi)Π(df) ≤ exp(−nϵ̃2n(C + 1))

)

= P

(
log

∫ n∏
i=1

f

f0
(yi|xi)Π(df) ≤ −nϵ̃2n(C + 1)

)

≤ P(
n∑

i=1

∫
log

f

f0
(yi|xi)Π(df) ≤ −nϵ̃2n(C + 1))

= P

(√
n

n

n∑
i=1

∫
log

f

f0
(yi|xi)Π(df) ≤ −

√
nϵ̃2n(C + 1)

)

= P

(√
n

n

n∑
i=1

∫
log

f

f0
(yi|xi)Π(df)− P ≤ −

√
nϵ̃2n(C + 1)− P

)

where

P =

√
n

n

n∑
i=1

∫
f0(yi|xi)

∫
log

f

f0
(yi|xi)Π(df) dyi

so P > −
√
nϵ̃2n.

Therefore,

P

(∫ n∏
i=1

f

f0
(yi|xi)Π(df) ≤ exp(−nϵ̃2n(C + 1))

)

≤ P

(√
n

n

n∑
i=1

∫
log

f

f0
(yi|xi)Π(df)− P ≤ −

√
nϵ̃2nC

)
.
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Since

E

(∫
log

f

f0
(yi|xi)Π(df)

)
=

∫
f0(yi|xi)

∫
log

f

f0
(yi|xi)Π(df) dyi,

applying Chebyshev’s inequality, the previous probability is bounded above by

Var[
√
n
n

∑n
i=1

∫
log f

f0
(yi|xi)Π(df)]

nϵ̃4nC
2

=

1
n

∑n
i=1 Var[

∫
log f

f0
(yi|xi)Π(df)]

nϵ̃4nC
2

≤
1
n

∑n
i=1

∫
f0[
∫
log f

f0
(yi|xi)Π(df)]2dyi

nϵ̃4nC
2

≤
1
n

∑n
i=1

∫
f0
∫
[log f

f0
(yi|xi)]2Π(df)dyi

nϵ̃4nC
2

(by Jensen’s inequality)

≤ ϵ̃2n
nϵ̃4nC

2

=
1

nϵ̃2nC
2
→ 0.

Therefore, ∫ n∏
i=1

f

f0
(yi|xi)Π(df) ≥ exp(−nϵ̃2n(C + 1)) in probability

completing the proof.

Proof of Theorem 3. If

sup
x

|θ(x)− θ0(x)| < δ, and
∣∣∣σ0
σ

− 1
∣∣∣ < δ,

then

sup
x

|θ(x)− θ0(x)|2 < δ2 and

∣∣∣∣σ2

σ2
0

− 1

∣∣∣∣ < 2δ − δ2

(1− δ)2
.

Therefore, let ψ = 2δ/(1− δ)2 > (2δ − δ2)/(1− δ)2, so it is also true that

sup
x
(θ(x)− θ0(x))

2 < ψ and

∣∣∣∣σ2

σ2
0

− 1

∣∣∣∣ < ψ.

Now

Kx(θ, σ) =
1

2
log

σ2

σ2
0

− 1

2

(
1− σ2

0

σ2

)
+

1

2

[θ(x)− θ0(x)]
2

σ2

<
1

2
ψ

(
1

1− ψ
+

1

1− ψ
+

1

(1− ψ)σ2
0

)
.

Hence

Kx(θ, σ) <
(
2 + σ−2

0

) ψ

1− ψ
.
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In addition,

Vx(θ, σ) ≤ 2

[
−1

2
+

1

2

σ2
0

σ2

]2
+

[
σ2
0

σ2
{θ(x)− θ0(x)}

]2
<

3

2

ψ2

(1− ψ)2
.

Since
ψ

1− ψ
=

2δ

1− 4δ + δ2
< 4δ,

for 0 < δ < 1
8
, the proof can be completed by choosing c1 = 4(2 + σ−2

0 ) and c2 = 24.

Proof of Theorem 4. The covering Hellinger balls of the function space is constructed
as follows and is based on the squared Hellinger distance between two parameter η1 =
(θ1(x), σ1) and η2 = (θ2(x), σ2) being

H2[fη1(·|x), fη2(·|x)] = 2− 2 exp

{
− [θ1(x)− θ2(x)]

2

4(σ2
1 + σ2

2)

}√
2

σ1

σ2
+ σ2

σ1

.

Then H[fη1 , fη2 ] < δ is equivalent to

sup
x

|θ1(x)− θ2(x)| < δ∗,

given the information of the variance. Recall the θ(x) is piecewise constant βk on ((k −
1)/N, k/N ]. Thus the partition of θ space is the partition of β space given σ. That is,

Akmk
= {βk : mkϵσ

2 < βk < (mk + 1)ϵσ2},

where the mk are integers from (−∞,+∞).
The Hellinger distance between fη1 and fη2 bounded by δ, with respect to the vari-

ance, is equivalent to |σ1/σ2| < δ∗2 . Thus the partition of the half real line for σ is

Am∗ = {σ : m∗δ∗2 < log σ < (m∗ + 1)δ∗2},

where m∗ is also integer from (−∞,+∞). Hence, the probability of interest is given by∑
j

√
Π(AϵN ,l,j)

=
∞∑

m∗=−∞

√
P[log σ ∈ {m∗δ∗2 , (m

∗ + 1)δ∗2}]×

{
2

N∏
k=1

∞∑
m=0

√
P[βk ∈ {mkϵσ2, (mk + 1)ϵσ2|σ}]

}

< 4
∞∑

m∗=0

{√
P[log σ ∈ {m∗δ∗2 , (m

∗ + 1)δ∗2}]
N∏

k=1

[1 + 4(2π)−
1
4 (

tk
ϵσ2

)3/2]

}
.
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The calculation is similar to that of the infinite-dimensional exponential families of
Walker (2004). Put tk = k−s with s > 1, we have, for some constant λ = 4(2π)−

1
4 /ϵ > 0∑

j

√
Π(AϵN ,l,j)

< 4
∞∑

m∗=0

{√
P[log σ ∈ {m∗δ∗2 , (m

∗ + 1)δ∗2}](1 + λe−3m∗δ∗2 )N
}

< 4
∞∑

m∗=0

{√
δ∗2√
2πt

exp

(
−m

∗2δ∗
2

2

4t2

)
(1 + λ)N

}
.

Thus, for some constant Q ∑
l,j

√
Π(AϵN ,l,j) < QN(1 + λ)N .

That is, we can take MN = N exp(Nτ) for some τ = log(1 + λ) > 0.

Now e−ϵn/N is exp(−ϵn 1
2+α) and Mn = N exp(τn

1
2−α), and so

e−nϵ/NMN → 0

as required.
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