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Analyticity, Convergence, and Convergence Rate
of Recursive Maximum-Likelihood Estimation

in Hidden Markov Models

Vladislav B. Tadié

Abstract—This paper considers the asymptotic properties of
the recursive maximum-likelihood estimator for hidden Markov
models. The paper is focused on the analytic properties of the
asymptotic log-likelihood and on the point-convergence and con-
vergence rate of the recursive maximum-likelihood estimator.
Using the principle of analytic continuation, the analyticity of the
asymptotic log-likelihood is shown for analytically parameterized
hidden Markov models. Relying on this fact and some results
from differential geometry (Lojasiewicz inequality), the almost
sure point convergence of the recursive maximum-likelihood
algorithm is demonstrated, and relatively tight bounds on the
convergence rate are derived. As opposed to the existing result
on the asymptotic behavior of maximum-likelihood estimation
in hidden Markov models, the results of this paper are obtained
without assuming that the log-likelihood function has an isolated
maximum at which the Hessian is strictly negative definite.

Index Terms—Analyticity, convergence rate, hidden Markov
models, Lojasiewicz inequality, maximume-likelihood estimation,
point convergence, recursive identification.

1. INTRODUCTION

IDDEN Markov models are a broad class of stochastic
H processes capable of modeling complex correlated data
and large-scale dynamical systems. These processes consist of
two components: states and observations. The states are unob-
servable and form a Markov chain. The observations are inde-
pendent conditionally on the states and provide only available
information about the state dynamics. Hidden Markov models
have been formulated in the seminal paper [1], and over the last
few decades, they have found a wide range of applications in di-
verse areas such as acoustics and signal processing, image anal-
ysis and computer vision, automatic control and robotics, eco-
nomics and finance, computational biology, and bioinformatics.
Due to their practical relevance, these models have extensively
been studied in a large number of papers and books (see, e.g.,
[8], [13], and references cited therein).

Besides the estimation of states given available observations
(also known as filtering), the identification of model parameters
is probably the most important problem associated with hidden
Markov models. This problem can be described as the estima-
tion (or approximation) of the state transition probabilities and
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the observation likelihoods given available observations. The
identification of hidden Markov models has been considered in
numerous papers and several methods and algorithms have been
developed (see [8, Part II], [13], and references cited therein).
Among them, the methods based on the maximum-likelihood
principle are probably the most important. Their various asymp-
totic properties (asymptotic consistency, asymptotic normality,
convergence rate) have been analyzed in a number of papers (see
(11, [5], (6], [11], [12], [19], [22]-[25], [27], [31], [36], [37]; see
also [8, ch. 12], [13], and references cited therein). Although the
existing results provide an excellent insight into the asymptotic
behavior of maximum-likelihood estimators for hidden Markov
models, they all crucially rely on the assumption that the log-
likelihood function has a strong maximum, i.e., an isolated max-
imum at which the Hessian is strictly negative definite. As the
log-likelihood function admits no closed-form expression and is
fairly complex even for small-size hidden Markov models (four
or more states), it is hard (if not impossible) to show the exis-
tence of an isolated maximum, let alone checking the definite-
ness of the Hessian.

The differentiability, analyticity, and other analytic properties
of functionals of hidden Markov models similar to the asymp-
totic log-likelihood (mainly entropy rate) have recently been
studied in [15]-[17], [32], [33], and [38]. Although very in-
sightful and useful, the results presented in these papers cover
only models with discrete state and observation spaces and do
not consider the asymptotic behavior of the maximum-likeli-
hood estimation method.

In this paper, we study the asymptotic behavior of the recur-
sive maximum-likelihood estimator for hidden Markov models
with a discrete state-space and continuous observations. We es-
tablish a link between the analyticity of the asymptotic log-like-
lihood on the one hand, and the point convergence and con-
vergence rate of the recursive maximum-likelihood algorithm,
on the other hand. More specifically, relying on the principle
of analytic continuation, we show under mild conditions that
the asymptotic log-likelihood function is analytic in the model
parameters if the state transition probabilities and the obser-
vation conditional distributions are analytically parameterized.
Using this fact and some results from differential geometry (Lo-
jasiewicz inequality), we demonstrate that the recursive max-
imum-likelihood algorithm for hidden Markov models is al-
most surely point convergent (i.e., it has a single accumula-
tion point w.p.1). We also derive tight bounds on the almost
sure convergence rate. As opposed to all existing results on
the asymptotic behavior of maximum-likelihood estimation in
hidden Markov models, the results of this paper are obtained
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without assuming that the log-likelihood function has an iso-
lated strong maximum.

The paper is organized as follows. In Section II, hidden
Markov models and the corresponding recursive max-
imum-likelihood algorithms are defined. The main results
are also presented in Section II. Section III provides several
practically relevant examples of the main results. Section IV
contains the proofs of the main results, while the results of
Section III are proved in Section V.

II. MAIN RESULTS

In order to state the problems of recursive identification and
maximum-likelihood estimation in hidden Markov models with
finite state-spaces and continuous observations, we use the fol-
lowing notation. N, > 1 is an integer, while X = {1,..., N, }.
d, > 1 is also an integer, while ) is a Borel- measurable set
in R%. {p(2'|2)}s . cx are nonnegative real numbers such
that 0,y p(2’|7) = 1 foreach z € X. {Q(-|x)}.ex are
probability measures on ). {(X,,Y,)}n>0 is an X' x Y-valued
stochastic process which is defined on a (canonical) probability
space (2, F, P) and satisfies

P(Yn+1 € BaXn+1 = x|X07Y07---7Xn7Yn)

= Q(B|x)p(x| Xn)

w.p.1 forall z € X, n > 0 and any Borel measurable set B in
Y. On the other side, dy is a positive integer, while © is an open
set in R%. {pg(2'|x)}s.0rer are Borel-measurable functions
of § € © such that pg(z'|2) > 0and ) . po(z” |z) =1
forall § € O, z,2" € X. {qo(y|x)}zecxr are Borel-measur-
able functions of (6,y) € © x Y such that go(y|2) > 0 and
f qo(y' |z)dy’ = 1foralld € ©, 2 € X,y € Y.Forf € O,
{(Xe Y,?)}n>o is an X x Y-valued stochastic process which
is defined on a (canonical) probability space (2, F, Py) and ad-
mits

PG (Y9+1 €B7XZ+1 :$|X37Y00.,...7

. X5, Y,))
= / g0 (y | x)pe (x| X7,) d
B
w.p.1 for each z € X, n > 0 and any Borel-measurable set
B in Y. Finally, f(-) stands for the asymptotic log-likelihood
associated with data {Y}, },>0. It is defined by

1
f(0) = lim E <— logpy (Y1, ... 7Yn)>
n—00 n
for # € O, where
PR yn) = Y Pa(X( = o)
Z0,..., L €X

n
H a6 (yk | zr)po (k| Th—1))

for € ©,y1,...,y, € Y, n > 0.

In the statistics and engineering literature, {(X,,Y,)}n>0
[as well as {(X?,Y,?)},>0] is commonly referred to as a
hidden Markov model with a finite state-space and continuous
observations, while X,, and Y,, are considered as the (unobserv-
able) state and the (observable) output at discrete-time n. On

the other hand, the identification of {(X,, Yy)}n>0 is regarded
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to as the estimation (or approximation) of {p(z'|z)}sex
and {Q(-|z)}sex yey given the output sequence {Y,,},>0.
If the identification is based on the maximum-likelihood
principle and the parameterized model {pg(2’|2)}s e,
{g9(y|x)}rer yey, the estimation reduces to the maxi-
mization of the asymptotic likelihood f(-) over ©. In that
context, {(X?,V,?)},.>0 is considered as a candidate model of
{(Xn,Yn)}n>0. For more details on hidden Markov models
and their identification, see [8, Part II] and references cited
therein.

Since the asymptotic mean of log pg (Y1, ...,Y,,)/n is rarely
available analytically, f(-) is usually maximized by a stochastic
gradient algorithm, which itself is a special case of stochastic
approximation (for details, see [2], [21], [35], and references
cited therein). To define such an algorithm, we introduce some
further notation. For § € R%, xz,2’ € X,y € ), let

ro(y; "|z)

while Rg(y) is an R™=*Ne matrix whose (i,j) entry is
ro(y,i]J) (ie., Ro(y) = [ro(y,i]4)]ijex). On the other side,
for 6 € RY, u € [0,00)N= \ {0}, V € RIXNe o € ),
1 <k < dg,let

2’| x) = qo(y |2 )po(x

¢o(u,y) = log(e” Ry(y)u)
Fy(u,V,y) = V0¢e(u y) + VVudy(u,y)
Golu,y) = Ry(y)u
eTRg( )
Hy(u,V,y) = VoGo(u,y) + VV,Gy(u,y)

where ¢ = [1...1]T € R¥=. With this notation, a stochastic
gradient algorithm for maximizing f(-) can be defined as

0n+1 = gn + OlnFen (Un Vn; Yn+1) (1)
Uny1=Go, ., (Un,Yni1) 2
Vn+1 = H0,7+1 (Un, Vn7Yn+1)7n Z 0. (3)

In this recursion, {a, }»>0 is a sequence of positive reals. § €
R, Uy € RM=, and V) € R%*N= are random variables which
are defined on the probability space (€2, F, P) and are indepen-
dent of {Y,,}n>0.

In the literature on hidden Markov models and system identi-
fication, recursion (1)—(3) is known as the recursive maximum-
likelihood algorithm, while subrecursions (2) and (3) are re-
ferred to as the optimal filter and the optimal filter derivatives,
respectively (see [8] for further details). Recursion (3) usually
includes a projection (or truncation) device which prevents esti-
mates {6, },,>o from leaving © (see [9] and [28] for further de-
tails). As the problems studied in the paper are already complex,
this aspect of algorithm (3) is not considered here. Instead, sim-
ilarly as in [2, Part IT], [21], and [28], our results on the asymp-
totic behavior of algorithm (3) (Theorems 2 and 3) are expressed
in a local form.

Throughout the paper, unless stated otherwise, the following
notation is used. For an integer d > 1, P¢ denotes the set of
d-dimensional probability vectors (i.e., P? = {u € [0, 00)?
eTu = 1}), while C? and C?* are the sets of d-dimensional
complex vectors and d X d complex matrices (respectively). || - ||
is the Euclidean norm in R? or C¢, while d(-, -) is the distance
induced by this norm. For a real number § € (0,00) and a set
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A C €4 Vs(A) is the (complex) §-vicinity of A induced by
distance d(-, ), i.e.,

Vo(A) = {w € C* : d(w, A) < 6}.

S is the set of stationary points of f(-), i.e.,
S={0e0:Vf(h) =0}

Sequence {7, } >0 is defined by o = 1 and

n—1
Yo =1+ Z 73
=0

forn > 1.
Algorithm (3) is analyzed under the following assumptions.

Assumption 1: lim,_, a, = 0, limsup,,_, . |an+1 —
ap!| < oo,and Y, @, = 0o. Moreover, there exists a real

number 7 € (1, 00) such that Y . a2y2" <

Assumption 2: {X,,},,>0 is irreducible and aperiodic (i.e.,
geometrically ergodic).

Assumption 3: There exists a function sg(y,2) mapping
(0,z,y) € ©® x X x Y into [0,00), and for any compact set
@ C O, there exists a real number e € (0,1) such that

:LJ) < TG(ZU,

foralld € Q,z,2' € X,y € ).

eq@so(y, o' |x) <eglse(y,x)

Assumption 4: Foreach y € Y, ¢g(u,y) and Gg(u,y) are
real-analytic functions of (6,u) on entire © x PN=. Moreover,
¢o(u,y) and Gp(u,y) have (complex-valued) analytic continu-
ations ¢, (w,y) and G, (w, y) (respectively) with the following
propert}es A

i) (1) and G (w, y) map (n, w,y) €
into C and C"= (respectively).

i) dg(u,y) = do(u,y) and Go(u,y) = Ge(u,y) for all
HEG,uG’PNayey.

iii) For any compact set ) C O, there exist real numbers
dg € (0,1), K¢ € [1,00) and a Borel-measurable func-
tion ¢g : Y — [1,00) such that én(w,y) and én(w,y)
are analytic in (1, w) on Vs, (Q) x Vs, (P"=) for each
y € Y, and such that

Cdo x CN= x Y

s‘% (w,y)| <qly)
|Gy (w,y)|| < Kg

/%ZJQ Q(dy'|z) < o0 “4)
forall n € Vs, (Q), w € Vs, (PN=),z € X,y € V.

Assumption 1 corresponds to the properties of step-size se-
quence {, } n>0 and is commonly used in the asymptotic anal-
ysis of stochastic approximation algorithms. It holds if «,, =
1/n% forn > 1, where a € (3/4,1].

Assumptions 2 and 3 are related to the stability of the model
{(Xn,Yn)}n>0 and its optimal filter. In this or similar form,
they are involved in the analysis of various aspects of optimal fil-
tering and parameter estimation in hidden Markov models (see,
e.g., [5], [6], [11], [12], [22]-[25], [27], [31], [36], [37], and
[39]; see also [8, Part II] and references cited therein).
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Assumption 4 corresponds to the parametrization of candi-
date models {(X2,Y,%)},,>0. Basically, Assumption 4 requires
transition probabilities pg(z’|z) and conditional densities
qs(y | x) to be analytic in 6. It also requires pg(z’|z) and
qs(y | x) to be analytically continuable to a complex domain in
such a way that the (corresponding) continuation of the optimal
filter transfer function Ggy(u,y) is analytic and uniformly
bounded in (6, u). Although these requirements are restrictive,
they still hold in many practically relevant cases and situations.
Several examples are provided in the next section.

The main purpose of Assumption 4 is to ensure that the op-
timal filter associated with the transfer function Gg(u, y) is ana-
lytically continuable to a complex domain (see Lemma 4). Since
the asymptotic log-likelihood f(+) can be represented as a limit
of this filter, Assumption 4 (together with the limit theorems for
complex-analytic functions) also ensures the analyticity of f(-)
(see Theorem 1 and its proof). On the other side, the asymptotic
behavior of algorithm (3) (point convergence and convergence
rate) crucially relies on this property of f(-) (see Theorems 2
and 3 and their proofs; see also the outline of the proofs pro-
vided in Section IV-A).

In order to state our main results, we rely on the following
notation. Event A is defined as

A= {Sup 16:]] < oo, inf d(6,,00) > 0} )
n>0 n>0

With this notation, our main results on the properties of the
asymptotic likelihood f(-) and algorithm (3) can be stated as
follows.

Theorem 1 (Analyticity): Let Assumptions 2—4 hold. Then,
the following is true.
i) f(-) is analytic on entire ©.
ii) For each f € O, there exist real numbers §p € (0,1),
we € (1,2], My € [1,00) such that

| £(6") = f(0) | < Mo|[V £(0)[1" ®)

for all §" € © satisfying ||0’ — 0| < dp.

Theorem 2 (Convergence): Let Assumptions 1-4 hold. Then,
§ = lim,_.o 0, exists and satisfies V() = 0 w.p.1 on
event A.

Theorem 3 (Convergence Rate): Let Assumptions 1-4 hold.
Then

IVF(Bu)]* = O (v:7) ©)
| f(0n) = F(O) | = O (v,7) @
16, =61l = O (7, 7) @®)
w.p.1 on A, where /i = iy and
S A ®
p = pmin{r, 7} (10)
¢ = min{r,7} — 1. (11)

Proofs of the Theorems 1-3 are provided in Section IV.

In the literature on deterministic and stochastic optimization,
the convergence of gradient search is usually characterized by
the convergence of sequences {V f(6,,) }n>0, {f(6n)}n>0, and
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{0, }n>0 (see, e.g., [3], [4], [34], [35], and references cited
therein). Similarly, the convergence rate can be described by
the rates at which sequences {V f(6,,)}n>0, {f(0n)}n>0, and
{0 }n>0 converge to the sets of their accumulation points. In
the case of algorithm (3), this kind of information is provided
by Theorems 2 and 3. Basically, Theorem 2 claims that recur-
sion (3) is point convergent w.p.1 (i.e., the set of accumulation
points of {6, }nzo is almost surely a singleton), while Theorem
3 provides relatively tight bounds on the convergence rate in
the terms of Lojasiewicz exponent ji = 1, and the convergence
rate of step sizes {, }»,>0 (expressed through r and {7, }»>0).
Theorem 1, on the other side, deals with the properties of the
asymptotic log-likelihood f(-) and is a crucial prerequisite for
Theorems 2 and 3. Apparently, the results of Theorems 2 and
3 are of local nature: they hold on the event where algorithm
(3) is stable (i.e., where {6, },>0 is contained in a compact
subset of ©). Stating asymptotic results in such a form is quite
common for stochastic recursive algorithms (see, e.g., [2], [21],
[28], and references cited therein).

Various asymptotic properties of maximum-likelihood esti-
mation in hidden Markov models have been analyzed thoroughly
inanumber of papers [1], [5],[6],[11],[12],[22]-[25],[27], [31],
[36],[37]; (seealso [8, ch. 12],[13], and references cited therein).
Although these results offer a deep insight into the asymptotic
behavior of this estimation method, they can hardly be applied
to complex hidden Markov models. The reason comes out of
the fact that all existing results on the point convergence and
convergence rate of stochastic gradient search (which includes
recursive maximum-likelihood estimation as a special case)
require the objective function to have an isolated maximum at
which the Hessian is strictly negative definite. Since f(-), the ob-
jective function of recursion (3), is rather complex even when the
observation space is finite (i.e., ) = {1,..., N, })and N, N,,
the numbers of states and observations, are relatively small (three
and above), it is hard (if possible at all) to show the existence of
isolated maxima, let alone checking the definiteness of V2 f(-).
Exploiting the analyticity of f(-) and Lojasiewicz inequality,
Theorems 2 and 3 overcome these difficulties: they both neither
require the existence of an isolated maximum, nor impose any
restriction on the definiteness of the Hessian (notice that the
Hessian cannot be strictly definite at a nonisolated maximum or
minimum). In addition to this, the theorems cover a relatively
broad class of hidden Markov models (see Section III). To the best
of our knowledge, asymptotic results with similar features do
not exist in the literature on hidden Markov models or stochastic
optimization.

The differentiability, analyticity, and other analytic properties
of the entropy rate of hidden Markov models, a functional sim-
ilar to the asymptotic likelihood, have been studied thoroughly
in several papers [15]-[17], [32], [33], [38]. The results pre-
sented therein cover only models with discrete state and obser-
vation spaces and do not pay any attention to maximum-like-
lihood estimation. Motivated by the problem of the point con-
vergence and the convergence rate of recursive maximum-like-
lihood estimators for hidden Markov models, we extend these
results in Theorem 1 to models with continuous observations
and their likelihood functions. The approach we use to demon-
strate the analyticity of the asymptotic likelihood is based on the
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principle of analytic continuation and is similar to the method-
ology formulated in [15].

III. EXAMPLES

In this section, we consider several practically relevant exam-
ples of the results presented in Section II. Analyzing these exam-
ples, we also provide a direction how the assumptions adopted
in Section II can be verified in practice.

A. Finite Observation Space

Hidden Markov models with finite state and observation
spaces are studied in this section. For these models, we show
that the conclusions of Theorems 1-3 hold whenever the pa-
rameterization of candidate models is analytic.

Let N, > 2 be an integer, while Y = {1,..., N, }. Then, the
following results hold.

Proposition 1: Assumptions 3 and 4 are true if the following
conditions are satisfied.
i) Foreach z,2’ € X,y € Y, rg(y, 2’ | x) is analytic in 0
on entire ©.
ii) re(y, 2’ |z) > 0forallf € ©,z,2' € X,y € Y.

Corollary 1: Let Assumptions 1 and 2 and the conditions of
Proposition 1 hold. Then, the conclusions of Theorems 1-3 are
true.

The proof is provided in Section V.

Remark: The conditions of Proposition 1 correspond to the
way the candidate models are parameterized. They hold for the
natural,! exponential,? and trigonometric3 parameterizations.

I The natural parameterization can be defined as follows:
6 = [0’1,1 "'QN‘E,N,D,B‘I,I "',ﬁNI,Ny]T and po(;I’|fC,) = Qg ./,
qo(y|x) = Bo,y forz,a’ € X,y € Y, while O is the set of vectors
[al_l---ole_Nr,ﬁl_l---,BNx_Ny]T c (0,1)N=(Na+Ny)  satisfying

SN L, = Z,’iyl B = 1foreachz € X.

2In the case of the exponential parameterization, we have 6§ =

[Utl,l e QNx,Nzﬁ1,1 e GN‘E,Ny]T, and
exp(a, ,)
Po(a’ | 1) = i za)
le\;”l exp(@a,1)
exp(fFa,
ao(yla) = (B »)

02 exp(Ba)

forx, 2’ € X,y € Y, while @ = RN=(Na+Ny),

3 The trigonometric parameterization is defined as @ =
[01.1 C 0N, Ny B ,8Nx.Ny]T and
po(l|z) = cos® a, 1
4o (1] 7) = cos® 3oy
2/ —1
po(x’ | w) = cos® oy H sin? oy
=1
y—1
qo(y|v) = cos? B, H sin? B, 1
1=1
Nz
po(N, |x) = H sin? o,
=1
N}/
qo (N, |z) = H sin® 3,
=1
forx € X, 2 € X\ {1,N.},y € Y\ {1,N,}, while © =

(0, 7/2)Ne(Na+Ny)
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B. Compactly Supported Observations

In this section, we consider hidden Markov models with a
finite number of states and compactly supported observations.
More specifically, we assume that ) is a compact set in R%.
For such models, the following results can be shown.

Proposition 2: Assumptions 3 and 4 are true if the following
conditions are satisfied.
i) For each z,2' € X, ro(y,
entire © x ).
i) rg(y, 2" |o) > 0forallf € ©,z,2" € X,y € ).

x' | ) is analytic in (6,y) on

Corollary 2: Let Assumptions 1 and 2 and the conditions of
Proposition 2 hold. Then, the conclusions of Theorems 1-3 are
true.

The proof is provided in Section V.

Remark: The conditions of Proposition 2 are fulfilled if
the natural, exponential, or trigonometric parameterization is
applied to the state transition probabilities {ps(z' | %)} s,0rexs
and if the observation likelihoods {gg(- | z)}.cx are analytic
jointly in 6 and y. The latter holds when {qg(-|z)}.cx are
compactly truncated mixtures of beta, exponential, gamma,
logistic, normal, log-normal, Pareto, uniform, Weibull distribu-
tions, and when each of these mixtures is indexed by its weights
and by the “natural” parameters of its ingredient distributions.

C. Mixture of Observation Likelihoods

In this section, we consider the case when the observation
likelihoods {qs(-|z)}rcx are mixtures of known probability
density functions. More specifically, let d, > 1, Ng > 1 be
integers, while A C R is an open set and
B=1[Bi1 - Bn..n,)" €(0,1)NNs

Ng
: Zﬂwk =1foreachx € X

k=1

‘We assume that the state transition probabilities and the observa-
tion likelihoods are parameterized by vectors « € A and 3 € B
(respectively),i.c., po (2’ | ) = po (2’ | 2), qo(y | ¥) = ga(y | z)
fora € A, B € B,0 = [aTpT)T, z,2' € X,y € Y. We also

assume
4y | =) = Zﬂzkfk ylz)

Whereﬂ = [ﬂl,l"'/BNz,Ng]T € 87 T € X7 Yy € y, while

{fx(-17)}zex 1<r<n, are known probability density func-

tions.

For the models specified in this section, the following results
hold.

Proposition 3: Assumptions 3 and 4 are true if the following
conditions are satisfied.
i) For each z,2’ € X, p, (2’| ) is analytic in « on entire
A.
i) po(z'|z) > 0foralla € A, z,2' € X.
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iii) ¥ (y) > 0and [log? (y")Q(dy' |z) < oo foralla € X,
N,
y € Y, where Y)(y) = X e 2ty fr(y|2).
Corollary 3: Let Assumptions 1 and 2 and the conditions of

Proposition 4 hold. Then, the conclusions of Theorems 1-3 are
true.

The proof is provided in Section V.

D. Gaussian Observations

This section is devoted to hidden Markov models with a finite
number of states and with Gaussian observations. More specif-
ically, d,, and A have the same meaning as in the previous sec-
tion, while )) = R and B = ((0,00)N= x RN=) \ B, where

B= {[Al"'ANINI"'MNm]T € (0,00)N+ x RM:

Ay = A = mig A, forsome z’ # z”,2', 3" € X}.
reX
(12)
Similarly, as in Section III-C, we assume that the state transi-

tion probabilities and the observation likelihoods are indexed
by vectors o € A and 3 € B (respectively). We also assume

a5y | ) = Az /mexp(=Ae(y — p12)?)
where 3 = [A1---An,p1---pn,]" €BzeX,ye).

For the models described in this section, the following results
can be shown.

Proposition 4: Assumptions 3 and 4 are true if the following
conditions are satisfied.
i) For each z,2’ € X, po(z
A.
i) po(z'|2z) >0foralla € A, z,2' € X.
iii) [y*Q(dy|z) < ooforall z € X.

"| z) is analytic in « on entire

Corollary 4: Let Assumptions 1 and 2 and the conditions of
Proposition 4 hold. Then, the conclusions of Theorems 1-3 are
true.

The proof is provided in Section V.

Remark: Unfortunately, Proposition 4 and Corollary 4 cannot
be extended to the case B = (0, 00)N= x R™=, since the models
specified in Section III-D do not satisfy Assumption 4 without
the condition that arg min,c v A, is a singleton (the details are
provided in Appendix III). However, this condition is not so
restrictive in practice, as B is dense in (0,00)V= x R™= and
provides an arbitrarily close approximation to (0, c0)™= x RV=,

IV. PROOF OF MAIN RESULTS

A. Outline of the Proof

Theorems 1-3 are proved in several stages. The proofs are
presented in Sections IV-B-IV-E. The main steps can be sum-
marized as follows.

Section IV-B is mainly focused on the stability propertles
of optimal filter G’ y (u) and its analytic continuation G »(w)
(to be defined in Sectlon IV-D). It is also concerned w1th the
stability of filter derivatives Hy'y'(u, V') (also to be defined in
Section IV-B) and with the analytlcal properties of functions
Fy(u,V,y) and Gn (w,y). In Lemma 1, the analytical proper-
ties (local boundedness and Lipschitz continuity) of Fy(u, V,y)
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and G, (w, y) are studied, while Lemmas 2 and 3 consider the
stability properties (forgetting, boundedness, and ergodicity) of
Ggi;(u), Hg:g(u, V). Lemma 1 is a consequence of Assump-
tion 4 and the Cauchy inequality for complex-valued analytic
functions, while Lemmas 2 and 3 are based on the existing re-
sults on the stability of the optimal filter. Lemmas 1-3 are nec-
essary prerequisite for Lemmas 4 and 5 and Theorem 1. The
most important results of Section IV-B are contained in Lemma
4. The lemma deals with the stability of the analytic continua-
tion G?) y(w) of the optimal filter. Starting with the results of
Lemma 2 and relying on the principle of analytic continuation,
the lemma shows that G’g’y’(w) forgets initial condition w geo-
metrically in n and uniformly in 7, w, ¢. This result is the foun-
dation of Theorem 1 and Corollary 5.

Section I'V-C is focused on the properties of the asymptotic
log-likelihood f(#). In this section, the analyticity of f(6) is
proved (Theorem 1) and the most general version of the Lo-
jasiewicz inequality for f(6) is provided (Corollary 5). These
results are a crucial prerequisite for the asymptotic analysis of
algorithm (3) (carried out in Section IV-E) and Theorems 2 and
3. In particular, without Lojasiewicz inequality (32) (notice that
the analyticity is required by any version of this inequality), it is
not possible to establish the results of Lemma 10 [i.e., inequali-
ties (59) and (60)], which themselves almost directly lead to the
convergence rate of { f(0,)}n>0 and {V f(60,)}n>0 (Lemmas
11-13). The proof of Theorem 1 is based on the principle of an-
alytic continuation and the fact that the limit of uniformly con-
vergent complex-analytic functions is also analytic. Since this
fact is not true for real-analytic functions (and since f(f) is a
function of the optimal filter), it is necessary to demonstrate the
geometric forgetting not only for Ggg(u), but also for its ana-
lytic continuation G2 (w) (Lemma 4).

Section IV-D provides an equivalent representation of
algorithm (3) and studies its immediate properties. More
specifically, the section shows that recursion (3) is a stochastic
gradient search with additive noise. The section also provides
the basic asymptotic properties of the noise sequence {&, }n>0
(to be defined in Section IV-D) and sequences {f(6.)}n>0,
{Vf(6.)}n>0. In Lemma 5, the Poisson (34) associated with
algorithm (3) is analyzed and the basic properties of its solution
are demonstrated. Lemmas 6 and 7 study the asymptotic be-
havior of {&,, }n>0, {f(0n)}n>0 and {Vf(6,,)}n>0: in Lemma
6, an upper bound on the convergence rate of {fn}nzo is
derived, while the convergence of {f(6,)}n>0, {Vf(0.)}n>0
is proved in Lemma 7. Lemma 5 follows from Lemmas 1-3 and
the results of [2, ch. I1.2], while Lemma 6 is based on Lemma
5 and the techniques developed in [2, ch. II.1]. Lemmas 6 and
7 are important prerequisite for the asymptotic analysis con-
ducted in Section IV-E, i.e., for Lemma 8 and the construction
of Lyapunov functions u(f), v(#) (notice that both «(§) and
v(f) depend on f = lim,_o f(6,)). In Section IV-E, the
asymptotic behavior of algorithm (3) is analyzed and Theorems
2 and 3 are proved. The main steps in the analysis can be
summarized as follows.

Step 1: Further asymptotic properties of {&,}n>0,
{f(0n)}n>0, and {Vf(0,)}n>0 are provided in Lemmas
8-10. These lemmas are based on Taylor formula for Lyapunov
functions (), v(#) and Bellman—Gronwall and Lojasiewicz
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inequalities (50) and (42). It is important to emphasize that the
standard form of Lojasiewicz inequality (5) (provided in The-
orem 1) cannot be applied at this stage of the analysis due to the
following reasons: i) (5) holds only locally in a close vicinity
of § € O, and ii) there are no guarantees that infyc 09 > 0,
SUPgeq My < oo for any compact set Q C © (6yp and My
are specified in Theorem 1). Hence, without knowing that
lim,, oo 0, = 6 exists (which becomes evident in Lemma 15,
at the very end of the analysis), it is not possible to use (5)
to analyze the asymptotic behavior of {f,,},>0. As opposed
to (5), inequality (42) (which is a direct consequence of the
form of Lojasiewicz inequality provided in Corollary 5) can be
applied to the asymptotic analysis of {6,,},,>¢. The reasons are
as follows: 1) lim, o0 f(0n) = f exists (due to Lemma 7), and
ii) (42) is satisfied by all § € @ for which f(¢) is sufficiently
close to f (Q is defined in the beginning of Section IV-E and
represents a compact set whose interior contains the limit point
of {gn}nZO)

Step 2: Relying on the results of Step 1 (Lemma 10),
limsup,,_, . v2(f(6n) — f) < oo is proved in Lemma 11.
The idea of the proof can be described as follows. If the
previous relation is not true, then there exists an increasing
sequence {n}r>o such that limp_oo V2 u(f,,) = —oo.
Consequently, the Lojasiewicz inequality (42) implies
limg oo ¥, IVf(On,)|| = oo (notice that p/fi < 7). Then,
the Taylor formula for u(6) and the algorithm’s representation
(33) yield

u(f)
%ume—(Vfwm»TSSCMVf()+&)
~ = (Vf(0n,)" ((7 ~ ) V(8 Z az&)
+u (6n,) -
S—HVH%JHQW =) IVF (6 Ejma)
+u (6n,) -

for n > ny and all sufficiently large & > 0. As v, —
forn > a(ng,1) and max,, >, H Zf:nk ai&i|| = o(v,,) (due
to Lemma 8), we get u(6,,) < u(f,,) < 0forn > a(ng, 1) and
all sufficiently large £ > 0. However, this is not possible, since
limy, o u(0,) = 0 (due to Lemma 7).

Step 3: liminf, oo v2(f(6n) — f) > —oo is proved
in Lemmas 12 and 13. The idea of the proof can be sum-
marized as follows. If the previous relation is not satis-
fied, then there exists an increasing sequence {nk}kzo
such that limy_o9E u(f,,) =  oco. Consequently,
limg— oo Y5 0(0,,) = 0, while the Lojasiewicz inequality
(42) yields limy o0 vy, ||V f(0n, )|| = 0. The same inequality
also implies

N VAN 2/ii
IVF @) 12> 07200 (f = f (6,))
> 2L (u(0,)) /7
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for all sufficiently large k > 0 and L = 2~ 15~ M~/ (notice
that 2/ = 1+ 1/(47) < 1+ 1/p and that u(f,,) ~ 0 for
sufficiently large k). Then, owing to the Taylor formula for v(6)
and the algorithm’s representation (33), we have

o(6n)
mwmwﬁx (T F(8) + &)
o (Vi) ( - . )
(a7 T Z “
+U(9nk)
IVF )| (= )IVF (6 X
- ﬁ@(m))””’b( 2 Z “ )
(= 1) 9 () IP
T iy O
Z’U(gnk)"f_i’(r)/n_'ynk)

for n > a(ng,1) and all sufficiently large & > 0 (no-
tice that v, — v, > 1 for n > a(ng,1) and that
MaX,>n, H Yo e @i&i|| = o(v;,]) follows from Lemma
8). Therefore, hmlnf,,_,oo7 L(6,) > L > 0, which contra-
dicts limy,_ oo 'ynk v(0,,) = 0.

Step 4: [V f(6,)]> = O(v;P) is shown (a direct conse-
quence of Lemmas 11 and 13). The proof is based on the fol-
lowing reasoning. Due to the Taylor formula for «(6) and the
algorithm’s representation (33), we have

IV F(8)1I?
_ou(ln) —u(Br)  (VF()" S ¢
T = Tm Ve = Tn i—znm&
. 2

o 2

2 (VI 26
L u@)| + [ultn) |

Ye — Tn

for k > n and all sufficiently large n > 0. Consequently, setting
k = a(n,1) and using the results of Steps 2 and 3, we get

2
a(n,1)—1

> ai

i=n

||Vf(0n)||2§2|u(9a(n,l)) | +2|u(0n) |+

=0 (7.7

for all sufficiently large n > 0 (notice that Ya(n,1) = Vn & 1).

Step 5: maxg>, |0k — 0, = O(y;9) is demonstrated in
Lemmas 14 and 15. The proof is based on the results of Steps
24 and the following relations:

10k — Onll = |[(v& — n) VF(O

)+ Z ;i
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< (k= 1)IV (b

1
IIVf( >||<( )l

Z a;é;

)+

ZalfL

Tkil £
0 )) Zazgz

u(6,) — u(r) =
S N CA T P

where k£ > n and n > 0 is sufficiently large.

Step 6: Theorems 2 and 3 are proved. The convergence
and convergence rate of {6,},>o directly follow from the
results of Step 5, while the convergence rates of {f(6,)}n>0,
{Vf(6.)}n>0 are immediate consequences of Steps 2—4. As
lim,, o 0,, = é, p and ¢ can be defined by (10) and (11), and
ft = pp, the Lojasiewicz exponent at 6 (notice that in Lemmas
10-15 and their proofs, the definition of p and ¢ is based on
o= I¢ 3» another Lojasiewicz exponent specified in Corollary
5; also notice that the tighter convergence rates are obtained
with i = i, than with i = 1 3)-

B. Optimal Filter and Its Properties

The stability properties (forgetting and ergodicity) of the op-
timal filter (2), its derivatives (3), and its analytic continuation
(to be defined in the next paragraph) are studied in this section.
The analytical properties (local boundedness and local Lipschitz
continuity) of functions Fy(u, V,y) and G‘n(m y) are also con-
sidered here. The analysis mainly follows the ideas and results
of [24], [25], and [26].

Throughout this section, we rely on the following notation.
ON= denotes the set

ONe = {u € [0,00)Ne s eTu > 1/2},

where ¢ = [1---1]T € RN+ (QM+ can be any closed set in
[0,00)Ne satisfying 0 ¢ QN+, PNe 0 (0,00)Ne C intQN=,
but the above one is selected for analytical convenience). For
n > m > 0 and a sequence ¥y = {yy, }n>0 in Y, ym » denotes
finite subsequence (Y, - - -, Yn ). For u € [0,00)N=\ {0}, w €
CN=, V € R¥>*Ne 5y > m > 0 and sequences ¥ = {0, },,>0,
1N = {m}n>0, y = {Yn}n>1in O, C% Y (respectively), let

Gy (u) = u, Gy (w) = w, Hy'"(u, V) = V and
G;nyn—i—l(u) = Gﬂn+1 (G:,n,yn (u)v yn+1)
Gy (w) = Gnn+1(G,’7‘ v (W), yn+1)

Higr,ta:anrl(u’V) = n+1(G19 (u), Hy' (u V) Ynt1)

(Go(u,y), G’,,(w, y), and Hg(u7 V. y) are defined in Section II).
If 4 = {6}.>0 (ie 9, = #), we also use notation
Gm'"( = Gy (u Hm"(u V) = H:,"y"(u V). Sim-
11ar1y, ifn = { ﬁ’kn>0 (1e N = 1), We rely on notation
G"j "(w) = Gm o (w) and G%”(w Y1) = Gg;( w).
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In this section, we also rely on the following notation. S,
and S; denote sets S, = X X ) X PN x RoxN= and S¢ =
X xY xPNe Forf € ©, Py(-,-) and Il4(-, ) are the transition
kernels of Markov chains

{Xn+17 Yn+17 Gg,?(u% Hg;q/(uv V)}nZO
{Xn+1> Yo, Gg,g(u)}nzo

where Y = {Y,},,>0 (notice that Py(-,-), lIg(-,-) do not de-
pend on w,V). For 8 € ©, z = (z,y,u,V) € S., ( =
(z,y,u) € S, let
F(HVZ) = FG(U7V7 y)? ¢(9,C) = ¢9(u7y)
Lemma 1: Let Assumption 4 hold. Then, for any compact set
Q) C O, there exist real numbers 61,9 € (0,1), Cy,¢ € [1,00)
such that
1E(8,2)[| < Crovey)(1 + (V)
1F(0",2) = F(6", 2)|| < Crova)]f" - 6"
1Gy (0, y) = Gor(w”, y)l| < Cro(lln" = n"ll + [Jw" — w”|])

for all 0,0",0" € Q,n',n" € Vs, ,(Q),z € X,y € ),
u € PN,V e R*Ne and z = (z,y,u, V).

Remark: Lemma 1 is a special case of Lemma 17 (provided
in Appendix I) and a direct consequence of Assumption 4 and
the Cauchy inequality for complex analytic functions.

Lemma 2: Let Assumptions 3 and 4 hold. Then, for any
compact set () C O, there exist real numbers 1. € (0,1),
Cs,¢ € [1,00) such that

||G$f;,"(w') — G,T,'f:y"(w”)H < CQ,QE’;’Z?””‘Hw’ —w"|| (13)
[Hgly (u, V)| < Coo(1+ V) (14)

forallu € PNo, w' w” € QN+, V € RI>Ne ' > m >

0 and any sequences ¥ = {Un}n>0, ¥ = {Un}n>0in Q, Y
(respectively).

Remark: Lemma 2 is an extension of the results of [10],
[24]-[26], and [39]. It is proved in Appendix I.

Lemma 3: Let Assumptions 2—4 hold. Then, f(-) is well de-
fined and differentiable on ©. Moreover, for any compact set
@ C 0O, there exist real numbers e2 o € (0,1), C3 o € [1,00)
such that

| (AI1"¢)(0,¢) = ()| < Cs0e54 (15)
I(P"F)(8,2) = VI(O)] < Caqes o1+ [IVI*) (16)
(P F)(O',2) — (P"F) (6", 2)]

< Caqes ol = 0”11+ VI (17)

forall0,0",0"” € Q, ¢ =
n > 0, where

(1) (0, ¢) = / B0, I (C, d)
(PF)0.2) = / F0, )Py (2, d).

(x,y,u) € S¢, z € (x,y,u, V) €S,

Remark: Lemma 3 is an extension of the results of [24], [25],
and [39]. Its proof is provided in Appendix I.
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Lemma 3: Let Assumptions 3 and 4 hold. Then, for any com-
pact set Q C O, there exist real numbers 62 g,e3.0 € (0,1),
Cy,q € [1,00) such that the following is true.

i) GO ™ (w) is analytic in (1, w) on Vs, ,(Q) X Vs, o (PN*)
for each n > 0 and any sequence ¥ = {y, }n>1 in V.
ii) Inequalities

d(GY(w), ™) < minféo.b1.0)

(OB AT g

< C4’Q€§’Q||w' —w

hold for all n € Vs, ,(Q), w,w',w” € Vs, ,(PN*)
and any sequence ¥ = {yn}n>1 in Y (6¢ is specified
in Assumption 4).

Proof: Lety = {y,}.>1 be an arbitrary sequence in ).
Moreover, let kg = min{n > 1: Cy, QE}CQ < e1,/2}, while
(51 Q= mln{5Q751 Q} 62Q =4- QC_ Q(Sl Q-

First, we prove by induction (in k) that
4 (Gyythw), PY-) < (2410t -

nY

1) b2 < b1,q (18)

foralln € V; Q(Q) w € Vg
Obviously, (18) is true when k =0,n>0,n¢€ V5

JPN),n>0,0 <k < ko
(@),

w € Vg, Q(PN ). Suppose now that (18) holds for each S
Vi, (@), w € Vs, (PY),n > 0andsome 0 < k < kq.

Then, Lemma 1 implies

G w) -

Go(u, yn+k+1)H
= |én (é:}l;;+k(w)7yn+k+1) - Ge(“; Yntk+1) |l
< Cug (Iln = 0]l + 1G5 (w) = ul])

forany ¢ € Q. n € V;, | (PN=),

n > 0. Therefore
d Gyt (), P
< Cuq (dn,Q) +d
< 2k+10f5152,Q

< (2“205,51 - 1) brg < i

N, 4
(@), v eP¥ weV;

(G35 PY))

forany n € V;, (Q), w € V;, (P"*), n > 0. Hence, (18)
is satisfied for all n e Vs, (Q), w € V;SZ‘Q(’PNI), n > 0,
0<k< kQ '

Let 830 = & Q/Z Since G y(w) = w and

G"'"+k+1( ) =G (G" 2R (w), yn+k+1) it can be deduced
from Assumption 4 and (18) that G" ¥k (w) is analytic in
(n,w) onVz, (Q)x V3, (PA )foreachn >0,0<k<kg
(notice that a composition of two analytic functions is analytic
as well). Due to Assumption 4 and (18), we also have

|G| = |G (Gryt ) pmenn )| < Ko
19)
foralln € V3, (Q), w € V3, Q(PN) n>0,0<k<kg
(Kqis deﬁned 1n Assumption 4). As a consequence of Cauchy
inequality for analytic functions and (19), there exists a real
number C; o € [1,00) depending exclusively on K¢, dg, N,
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(C1,q can be selected as Cy o = 4(dg + NT)KQ/S%Q) such

that
n n—l—k 2
Gl )H} <G

forany n € V3, (Q), w € %Q,Q(PN’:),TL >0,0<k<
kQ, 1 <1< N (G" ”+k( ) denote the Ith component of
G" "+k( )). Consequently, there exists another real number
C2,Q € [1oo) depending exclusively on K¢, dg, N, such that

Lny

rnax{ HV(an)Gn n+k

Gn n—l—k(w )

n'"y ’

max{HG" ek () —

Hv G (w') = V7, Gk (w)

|

< Coqllln ="l + llw' — w"|)) (20)
for each ', 7" € V; (Q), w',w" € VSB,Q(PM): n >0,

0< k‘~§ kqg. ~ ~
Let 64, = min{ds ¢, 4*102_5251@}. Owing to Lemma 2,
we have

s - agy e

< Cooeryll’ — || < (e1,0/2)|lu’ — u”|

for all # € Q, v',u” € QN , n > 0. Therefore,
IV Gyy ™ (w)|| < e1,0/2 for each § € Q, u € PN,
n >0, whlch, together with (20) yields

frocai ol

< [wudist e -vudiy e |+ [vuey o w)
< Cagl10 = 1l + =) +21.0/2

forany 0 € Q,n € Vsio (PN=),

Ne ~
(@), uw e Pl weV;
n > 0. Consequently

HV“’Gn ke (y )H <e1.0/2 + Coo(d(n, Q) + d(w, PN+))
<eno

foreachn € V5, (Q), w € V3, Q('PNI), n > 0. Thus

Hé":"““? (w) = Gy e )

/ [wuGi e + (1~ )

<ergllw’ —w”|| 2y

w' —w"||dt

foralln € V; (Q), w € V&Q(PNI), n > 0.Letd5¢ =

(1- al,Q)&’QC’;}Q. Now, we prove by induction (in 7) that

d (Ggﬁle (w)77’N“) < s (22)
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foreachn € Vs, (Q), w € V3,  (PN*), i > 0. Obviously,
(22) is true when & = 0, € V; (Q), w € V;SLQ(PNI).
Suppose that (22) holds for all € V ,(Q),we Vs (PN)
and some 7 > 0. Then, (20) and (21) 1mp1y

A0:(i4+1)k
DTk () —

ik i+1)k
Gy TR )|

< HéikQ:(iH)kQ (GO;;kQ (w)) _ Giﬁ;:(iﬂ)kQ (”)H

GikQ:(i+1)kQ () H

n HszQ i+ ko (u) — i
Y

'ZkQ

< er0 |G (w) = ul| + Coglld =l

forany € Q. n € V;, (PN=).

T'herefore
£,0:(i4+1)k
d(Gr),; ) Q(’U)).INT)

< e1qd Gy (w), ™) + Ca0d(n, Q)

<e1,0b1q + Cagbsg =bug

Nz A
(@), uw e P weV;

foreachn € Vj_ (Q) w e Vg, (PN=). Hence, (22) holds for
alln € VS’Q(Q) w E %4@(73 =), 4 > 0.

Let (52’Q = mln{54 Q,(55 Q} As G ( ) = w and
égigfﬂ)kQ (w) = le@ (it ke (Gg,;k‘g( )), it can be deduced

from (22) that GO le( ) is analytic in (n,w) on V3
Vi

o (@)
54.Q(73N ) for each i« > 0 (notice that leQ (L+1)kQ (w) is
analytic in (n,w) on V3, (Q) x V5 (PN+) forany i > 0).
Since GYn(w) = Gy ™ (Gry®(w)) for i = |n/kq], we
conclude from (22) that G y(w) is analytic in (n,w) on
Vi, ,(Q) x Vs, (PY=) 2 V:;m(Q) X Vs, o (PN=) for all
n >0 (notlce that leQ *eH (1) is analytic in (1, w) on
VSSQ(Q) X Vg, (PN= )foranyi > 0,0 < j < kg). On the
other side, (18) and (22) yield

a (G w) PY-) = d (Gl Gy (), P)

< 61,Q = min{éQ, 51,Q} (23)
forall n € Vi (Q) 2 Vi,,(Q), w € VZSSQ(PNI) )
Vs o (PN), n > 0 and i = |[n/kq].

Letes g = 617/Q , Cag = 027Q5171Q. Owing to (21) and

(22), we have

|G e () = Gy ()
ikg:(i4+1)k ~0:ik ~ikgi(i41)k A0:tk
= |G e Gy ) =Gl M G )|

< v |G ) - Gy W)

for any n € V}siQ(Q), w' w" € V:;LQ(PN’-‘), 1 > 0. Therefore

|G ) = e )

/I||

<l gl —w
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foreachn € Vs (Q), w',w” € V3 (PN+),i > 0. Conse-
quently, (20) and (22) yleld

HGO n GO 'n( )
1ko:mn 0:2k ~ikoin ~0:1k
= HG ; (Gw () = G (G )|
< Goq|Gha (w') - Gy (")
< Ca el gllw’ —w"||

//||

< Caqeligllw —w

for each n € Vg, (Q) 2 Vs, o(Q), w',w” € V5, (P+) 2
Vs, o (PN),n > 0,i = |n/kq] (notice that C’Q,Qsi,Q =Chq

sgg_ikQ)ng < C4,ge% ) Then, it is clear that 82 ¢, €3,0,
(4, meet the requirements of the lemma. O

C. Analyticity

In this section, using the results of the Section IV-B (Lemma
4), the analyticity of the objective function f(-) is shown and
Theorem 1 is proved. The proof is based on the analytic contin-
uation techniques and the methods developed in [15].

Proof of Theorem 1: Let

by (w) = by (G~ (w). )

forn € C%, w € CN=,0 < m < n and any sequence {y,, } >0
in Y. Moreover, let Y = {Y,, },,>0, while

bylw,o) = B (355 (w)| X1 =)

forn € C%, w € CNo, 2 € X, n > 1. Then, it is straightfor-
ward to verify
Pt (w, @)

—E (E (gs};fyl (én(w,Yl)) ‘ Xl,Xg,Yl) ‘ X, = w)
= BE({7(Gy(w, Y1), X2) | X1 = ) (24)

foreachn € C%, w € CN=, 2 € X, n > 0. Itis also easy to
show

1]);1(1”, :CI)—IZJn(’LU” :C")
= B (853 (w) - %3 (co)| X1 = o)

- E ( oy (w') — 2:,7;/(60)‘ X, = :1:”)

Sy (dh3m(e

0) = (o) Xi = 0)

k=1zeX

@+l ) - (o)

Sy (853 (e0) = B3 (o) Xo =)
k=1zeX

(" (z] 2") = m(x))

+ZE( Gt ( )|Xn:x)

~(p”‘1(x|:v’) — (7))
_ZE n 1n€0 |Xn—l‘)
rzeX
(" (x| 2) = w(x)) (25)
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forall p € C¥, w',w" € CN=, 2/,2" € X, n > 1, where
eo = [1---1JT/N, € RNe and p*~1(2'|2) = P(X) =
' X1 = z), 7(z) = limg—oo P(Xx = z). On the other
side, Assumption 2 implies that 7(-) is well defined and that
there exist real numbers & € (0,1), C € [1,00) such that
|p™(z' |z) — w(x')| < C&" foreach z,2’ € X, n > 0.

Let @ C © be an arbitrary compact set, while 517Q =
min{ﬁQ,ﬁl,Q,&g’Q}, Sng = SLQ/Z Owing to Assump-
tion 4 and Lemma 4, Ag;(w) is analytic in (n,w) on
Vs, o (Q) x VSLQ(PNI) for each n > 1 and any sequence
Yy = {yn}n>1 in Y. Due to Assumption 4 and Lemma 4, we
also have

|25 (0)] < vaua)

foralln € V; (Q), w € Vj, Q(PN”), n > 1 and any se-
quence ¥ = {yn}n>1 in V. Consequently, Cauchy inequality
for analytic functions implies that there exists a real number
C1,g € [1,00) such that
||| < Cravatum)

for each n € VEQQ(Q>7 w e Vg o
sequence ¥ = {yn }n>1in Y. Since

Big(V) | X1 =) < m / bo(y)QdY | =) < o
(27)

(26)

(PN«), n > 1 and any

forallz € X, n > 1,it follqws from the dominated con-
vergence theorem and (26) that ¢} (w, z) is differentiable (and
thus, analytic) in 1 on V3, (Q) for any w € VSQ_Q(’PNI)7
n > 1.

Let € = max{es g, €}. Due to Lemmas 1 and 4, we have

20:n (w/) _ AO:n(w//)

.Y .Y
< C1,00s,0e5 5 Yo(yn) [0 — w"| (28)
" (w) = d5w)
< Cravalya) | Ghy ™ (Gylw,me)) = Gy~ (w)|
< 01,005,055 5 Yo (yu)l|Gy(w,yp) —w|  (29)
for each € VSQ,Q(Q)v w,w',w" € Vg, (PNe), n > 1,

1 < k < n—1 and any sequence y = {yﬁnzl in y;Using
(27)—~(29), we deduce that there exists a real number Cy o €
[1, 00) such that the absolute value of the each term on the right-
hand side of (25) is bounded by C €p, forany n € Vz, (Q),
w',w” € Vs, Q(’PN'T), z,x’ € X, n > 1. Therefore

|y (w',2") —

forall p € V; Q(Q),w w" € Vg,
n > 1. Consequently, (24) yields

W,;zﬂ(w,x) —qﬁg(w,x)
S E ( A’:]l(é;f”)(w:}/1)7)(2) - 7/1:;(’11),37)” Xl = ;Ij)
<205 el (n+1)

Pr(w”,2") | < 2C0Ef(n+1)  (30)

L(PYe), 2" 2" € X,

€19
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foreach n € V5, (Q),w € V5, (PY*), 2 € X, n > 1.
Owing to £30) and (31), there exi§ts a function 1,/3 :Ch — C
such that ¢, (w, ) converges to ¢)(n) uniformly in (9, w,z) €
Vi (Q) x Viso (PN=) x X. As the uniform limit of anal¥tic
functions is also an analytic function (see [40, Th. 2.4.1]), ¥ (-)
is analytic on V3 (Q). On the other side, since

Dy (u,x) = B ($6(GY% (1), Yoir)| X1 = 2)
= E ((IT"¢)(0, (z,Y1,u)| X1 = 2)

forallf € ©,u € PNe x € X, n > 1, Lemma 3 implies
f(6) = 1(0) forany 6 € Q. Then, it is clear that part (i) is true,
while part (ii) follows from the Lojasiewicz inequality (see, e.g.,

[20], [29], and [30]) and the analyticity of f(-). O

As a direct consequence of [20, Th. LI, p. 775] and Theorem
1, we have the following corollary: O

Corollary 5: Let Assumptions 2—4 hold. Then, for any com-
pact set Q@ C O and real number a € f(Q), there exist real
numbers 6g.a € (0,1), pq,q € (1,2], Mg, € [1,00) such that

| f(0) —al < Mq.ol[VFO)]e (32)

forall 8 € @ satisfying | f(§) —a| < 6g.q.

Remark: In the special case when Q C {f € R% : ||§—9|| <
69} and a = f(49) for some ¥ € R%, 6 4, p1g.o and Mg , can

beselected as 6 . = sup{| f(8)—f(9)| : 0 € Q}, uQ,a = 1w
and Mg o = My (09, 19, My are specified in the statement of
Theorem 1).

D. Decomposition of Algorithm (3)

In this section, equivalent representations of recursion (3) are
provided and their asymptotic properties are analyzed relying on
the results of Section IV-B (Lemmas 1 and 3). The analysis is
based on the techniques developed in [2, Part II]. The results of
this section are a crucial prerequisite for the analysis carried out
in Section IV-E. The following notation is used in this section.
Forn > 0,let Z,11 = (Xn+1, Yat1, Un, Vi), while

gn = F(an Zn-l—l) - Vf(en)
Qsiz = an(Vf(Hn))Tfn
1
# = / (V£ (B + (01— 0)) =V F(B))T (B — B )t

and ¢, = @), + ¢! (F(-,-) is defined in Section IV-B). Then,
algorithm (3) admits the following representations for n > 0:
9n+1 = en + anF(HTM ZnJrl)
=0, + an(vf(en) + gn) (33)
Moreover, we have

f(Ons1) = f(0n) + O‘nva(en)Hz + én
for n > 0. We also conclude

P(Zyu11 € B0, Z0,...,00,Zn) = Py, (Zn,B)

’
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w.p.1 for n > 0 and any Borel-measurable set B C S, (Py(-, ")
is introduced in Section IV-B).

Lemma 5: Suppose that Assumptions 2—4 hold. Then, there
exists a Borel-measurable function @ : © x S, — R% with the
following properties.

i) ®(0,-) is integrable with respect to Py(z, -) and

F(6,2) - Vf(6) = (9, 2) - (PD)(6, 2)

foralld € ©, z € S,.
ii) Forany compact set Q C © and a real number s € (0, 1),

there exists a Borel-measurable function ¢g s : S, —
[1,00) such that
max{[|F(0, 2)|[, |2(6, 2)|, [|(LP)(8, )|}
< 9q,s(2) (35)
I(P)(E", 2) = (P)(6",2)]|
< pqs (26" = 0"|1° (36)
sup B (9« (Zn)l{ro2n}| Z0 = 2)
<o 37)

forall 0,6',60" € Q, z € S., where 7¢g = inf({n > 0 :
On & Q} U {oo}).

Remark: Lemma 5 is a consequence of Lemmas 1-3 and the
results of [2, ch. I1.2]. It is proved in Appendix II.

Lemma 6: Suppose that Assumptions 1-4 hold. Then,
there exists an event Ny such that P(Ny) = 0 and such that

> o Vs Yo n&n and >0 ¢y, converge on A\ Ny.

Remark: The proof of Lemma 6 is based on the techniques
developed in [2, ch. I1.2]. It is provided in Appendix II.

Lemma 7: Suppose that Assumptions 1-4 hold. Then, on A\
Ny, limy, 0o Vf(0n) = 0 and lim,, . f(,) exists (Vg is
specified in the statement of Lemma 6).

Proof: Let Q C © be an arbitrary compact set, while w
is an arbitrary sample from ()_ {6, € Q} \ No (notice that
all formulas which appear in the proof correspond to this w).
Obviously, in order to prove the lemma, it is sufficient to show
that lim,, ., f(6,) exists and that lim,, ., V f(6,) = 0.

Since Y°.° ) ¢y, converges and

S adll VA@I? = £(6) ~ 60) ~ 3 61

forn > 0, we conclude Y~ o, ||V f(6,,)]|* < oo (also notice
that f(-) is bounded on Q). As

£00) = $00) + Y 0al VS0P + 3 60

=0

for n > 0, it is clear that lim,_,, f(f,) exists. Let C‘Q be
a Lipschitz constant of Vf(-) on Q and an upper bound of
IV f(-)|| on the same set. Now, we prove lim,, o, Vf(6,,) = 0.
Suppose the opposite. Then, there exist ¢ € (0,00) and se-
quences {mg}r>0, {nk}r>0 (all depending on w) such that
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me < i < mig1, |[V(Om, ) < & [[Vf(0n)l| = 2 for
k > 0, and such that ||V f(6,,)|| > € formp < n < ng, k > 0.
Therefore
e < [Vf(0n,) = VI (Om)ll
< CQ ”9ﬂk - gmkH

ne—1

Z a;&;

i=my

np—1

<04 ) eitCq
i=my,

for £ > 0. We also have

23 w< Y allvie)?

i=mp+1 i=my+1

(38)

for k > 0. Consequently, limy,_, Z:L:’”;i o; = 0. However,

this is not possible, since the limit process £k — oo applied to
(38) would imply

e < i [V (0n,) =V (On)] =0
Hence, lim,,_., Vf(6,,) = 0. O

E. Convergence and Convergence Rate

In this section, using the results of Sections IV-C and IV-D
(Corollary 5 and Lemmas 5 and 6), the convergence and con-
vergence rate of recursion (3) are analyzed and Theorems 2 and
3 are proved.

Throughout this section, we use the following notation. For
t € (0,00),n > 0,let

a(n,t) = max{k > n: vy, — v, < t}.

For0 < n < k, let

k
Z Oéq',&:

(n = sup
k2n i=n
k—1
€ = Z ;&
1
en = ai(VF(li) = V(b))

For the same n, k, let
Gk = (Vf(gn))T(EIn,k +éen k)

P = / (VF (B0 + 18k — 0)) — V£ (8.) (B — B,

while e, = €, , + ), ) and ¢y = @), + ¢, ;.. Then, it is
straightforward to verify

k—1
Op =0, + Z a;Vf(0;) + e, 1
= B+ (ke — 1) VL (O) + En (39)
F0r) = f(8n) + (v — YWV + P (40)

for0 < n < k.
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Besides the notation introduced in the previous paragraph, we
also rely on the following notation in this section. For a compact
set Q@ C ©, Cg € [1,00) denotes an upper bound of ||V f(-)||
on ) and a Lipschitz constant of V f(-) on the same set. Ais
the set of the accumulation points of {6, },,>0, while

f = liminf f(6,).

n—oo

p and B , Q are the random quantity and the random sets (re-
spectively) defined by

p=d(A,00)/2
B=|J{# €eR¥: ¢ — 0] < min{6s,5}}
bcA
Q = cl(B)
on A, and by
p=0, B=A Q=4

otherwise. Overriding the definition of /i in Theorem 3, we
specify random quantities ¢, i, C, M as

c=C

o M =M,

0.F 41

b=1bp3 B=nyp

on A, and as

§=1, p=2 C=1, M=1
otherwise [0¢,a, 14Q,a; M@,q are introduced in the statement of
Corollary 5; later, once Theorem 2 is proved, it will be clear
that the definitions of /i provided in Theorem 3 and in (41) are
equivalent]. Random quantities p, ¢, 7 are defined in the same

way as in (9)—(11). Functions u(-) and v(+) are defined by

u(f) = f — £(6)
v(f) = { (1/w(@)YP, ifu(f) > 0

0, otherwise

for € ©.

Remark: On event A, Q is compact and satisfies Ac int@7
Q C ©.Thus, i1, C, M, p, §, 7, v(-) are well defined on the
same event (what happens with these quantities outside A does
not affect the results presented in this section). On the other side,
Corollary 5 implies

| £(6) = f1 < M|[VFO)|"

on A forall § € Q satisfying | f(8) — f| < 6.

(42)

Remark: Throughout this section, the following convention
is applied. Diacritic™is used to denote a locally defined quantity,
i.e., a quantity whose definition holds only in the proof where
the quantity appears.

Lemma 8: Suppose that Assumptions 1-4 hold. Then,
lim,, 00 72 Cn = 0 0n A\ Ng (Ny is specified in the statement
of Lemma 6).
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Proof: 1t is straightforward to verify

k k k i
Yo =i &+ Y (T =) D aiié
i=n j=n i=n

i=n

for 0 < n < k. Therefore

i&i

k 1

< (%ZL + —75,3)) sup > a7
B >n .
1=n = j=n

" sup Zaj’yj &

i>n

for 0 < n < k. Consequently, Lemma 6 implies

k
lim sup «,,(, = limsup sup Z av &l =
n—oo n—oo k>n i—n
on A\ No. d

Lemma 9: Suppose that Assumptions 1-4 hold. Let ¢y =
(16pM)?P (notice that 1 < C; < oo everywhere). Then, there
exist a random quantity 7 and an integer-valued random variable
osuchthat 0 < < 1,0 < o < oo everywhere and such that

s llenall < GO0 +IVIEIN @3
I O R L Cra s (U DRNCEY
FOn) = FBniy) + 27HIVF(0)]17 < (£/Cr)vi " (45)
FOn) = FBuniy) + 27 IV F OO0 i) — Onll

< (H/C)vT (46)

on A\ Ny for n > o (Ny is specified in the statement of
Lemma 6).

Proof: Let C’l =20 exp(C) Cy = 2001, Cy = 2002
Cs,and Cy = Cy + Cs, while { = 1/(201 C'4) Moreover, let

&1 =max({n >0:6, ¢ Q} U{0})
Gy = max({n > 0:a, > t/4} U{0})
g3 = max({n > 0:4.¢, > 1/(2C1C4)} U{0})

while 0 = max{&1, 72,53} 1\ N, Then, it is obvious that o is
well defined, while Lemma 8 implies 0 < o < co everywhere.
We also have

max { oG, Cavions 57272, Caien, Cun27 G2}
<2717 (47)
max{Cyi?, C3i2, C4f2} < 271C 4 (48)

E> Yoty = Yn = Va(niyr1 — Tn — Cugupy) > 3E/4 (49)

on A\ Ny forn > o.
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Let w be an arbitrary sample from A \ Ny (notice that all
formulas which follow in the proof correspond to this w). Since
0, € Q forn > o, we have

IVFO < V@)l + IV F(Or) = Vf(0n)]l

< V50l + €l =

< 19O+ O3 ]V 0]+ Cll
) = Ak—l

< CGu + VI +C Y a6

i=n

for 0 < n < k. Then, Bellman—Gronwall inequality yields

IVFE) < CGn+ IV F(E) exp(C ok — )
c

exp(C)(Cn + IV £ (6n)1])

<
< (50)
foro < n <k < a(n,1). Consequently

k-1

165 = Oall <D~ il V()] + lle), i

i=n

< Go + Cexp(O) (G + IV F (@)D (v = )
< GG+ (v = 1)V F(E)I])

foro < n < k < a(n,1). Therefore

k—1
llenell < llen il +C Y~ ailldi = 6
< G+ COU (T = )l + (v = 1) IV £ (0)]])

(v =)V £ (E)I)

foro < n <k <a(n,1) (notice that v, —y,, < 1forn < k <
a(n,1)). Thus
|G| <NV FE)len k]l + Clibk — 0a]”
< Co(GallVF@)N + (v = 1)V £ (0)]17)
+2CCH(C + (v — 1)’ IV F (0 1I)
< Cs(Cr + Gl V(B + (v = 1) IV £ (

on)lI?)
(52)

forc < n < k < a(n,1). On the other side, combining (39)
and (40), we get

f(Ok) = £(6n)
= IV (e = ) V(0] + i
= [IVF(Ou) 10k = On + ekl + Pn i
2 IV O)I(10k = Onll = llenil) — | dn |

for 0 < n < k. Then, (51) and (52) yield

1(6a) = F(00) + IV F@)8x — 60
<95 llenell + | e
< CoC2 + (Co + Co)GlIV (6]

+ (C2 + Ca) (v — 1) IV (817
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foro < n <k < a(n,1). Owing to (47), (48), (51), and (52),
we have

llenkll < Cala + G|V £ (62)]]
< Oy, + IV F ()l

|| < Cao + CaGallVF(8) | + 3|V £ (6]
< 27 OO+ A IV F )+ IV F (8) 1)
< O+ IV F(6)I17) (55)

(54)

foroc <n<k< a(n,f) (notice that v, — v, < t forn < k <
a(n,t)). Due to (40), (49), and (55), we have also

I

s

n) — f(ea(n,i)>

< =iy = WV O + | b agnipy |
< —@HDNVFE)? + CT O + IV F(0)])
= —(3/4 = CTOHIVFO)I17 + C7 My,
< 2NV ORI + CF (56)
for n > o (notice that Cy > 4). Consequently
CTHIIVF(#a)I” < 27V £ (011
<O+ (f(aiy) = f(0n)) 57

for n > o. On the other side, (47)—(49), (53), and (57) imply

FOn) = FOagn,py) + IV (On)l184n,3) = Onll
< Ca (G4 GlIVF @)L+ 2V F(8)]1)
<27 OT O IV £ 0+ IV (

< CTH(y " + IV ()1

<207+ (F(Bany) —

0n)l1*)

f(0n))

for n > o. Therefore

2(F(Bn) = f B,y ) HIVF Bu) 18 iy — Ol <201 iy
forn > o. Then, (43)—(46) directly follow from (54), (55), ((5568)),
(57), and (58). O

Lemma 10: Suppose that Assumptions 1-4 hold. Let Cy =
4pM 2 (notice that 1 < C’2 < oo everywhere). Then, there exists
an integer-valued random variable 7 such that 0 < 7 < o0
everywhere and such that

(6o = (6a) + G/DIVF6)I?) La, <O (59)
(4B py) = (6a) + (E/Co)u(6,) ) In, <0 (60)
(0(Baoiy) = 0(6a) = £/C2) I, > 0 (61)

on A\ Ny for n > 7, where

An = {0 Jul@n) | 2 13U {7 IV £(
B, = {~hu(8,) > 1} n{a =2}
Cr = {7vhu(bn) 2 1} N {u(0a(n ) > 0} N {ft < 2}

On)ll = 1}
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(No and ¢ are specified in the statements of Lemmas 6 and 9,
respectively).

Remark: Inequalities (59)—(61) can be interpreted in the fol-
lowing way: relations

(ul@a) | > 1V lIVFE) > ) An > T

= u(ly(ni)) — ulln) < —(E/ DIV (62)
You(l,)| >1AE=2An>T

= w0, 1) < (1= 1/Ca)ulby) (63)
Yhu(0,) > 1A <2An > T

= 0(yn ) = v(0n) > 1/Co (64)

are true on A \ Np.
Proof: Let

71 =max({n >0:6, ¢ Q} U {0}
7o =max({n >0: |u(f,)] > 6} U{0})

and 7 = max{o, 71, 72 } 15\ v, - Then, it is obvious that 7 is well
defined, while Lemma 7 implies 0 < 7 < oo everywhere. On
the other side, since 7 > o on A \ Ny, Lemma 9 [inequality
(45)] implies

u(Buniy) = u(Bn) < —(E2IV O + (E/C1)7 " (65)
on A\ Ny forn > 7. As 0, € Q, | u(

n > 7, (42) (i.e., Corollary 5) yields

| u(

on A\ Ny forn > 7.

Let w be an arbitrary sample from A \ Ny (notice that all
formulas which follow in the proof correspond to this w). First,
we show (59). We proceed by contradiction: suppose that (59)
is violated for some n > 7. Consequently

0.)] < donA\ Ny for

0n) | < M|V f(

0)||1" (66)

W(la(n,iy) = w(ln) + E/DIVEII* >0 (6D
and at least one of the following two inequalities is true:
[ u(0n)| 29275 VORI = 75" (68)

If |u(f,)| > v;?, then (66) implies

IV O > (Ju(®n) | /M) P
> (1) M) Py 201
> (4/01) —ar

(notice that /i < r, 4NI2/ < K < C’l). Thus, as a result
of one of two inequalities in (68), we get

IVFE)I? 2 (4/Coy™
ie., (H/DIVF(B.)I? = (£/C0),

u (ga(n,i)) —u(fn) <

—2r_Then, (65) implies

~({E/DIVIEIN? (69
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which directly contradicts (67). Hence, (59) is true for n > 7.
Owing to this, (66), and the fact that B,, C A,, forn > 0, we
obtain

~A A

(4 (Futoty) = ul8) + (i/C2)u(61)) I,
< (Wa(oiy) = w(6a) + (ME/CIIV F(0)I2) I5,
< (@0unity) = ulB) + E/DIVSO)I) I8, <0

fgr n > 7 (notice that u(6,,) > 0 on B,; also notice that 4N <
C>5). Thus, (60) is satisfied.

Now, let us prove (61). To do so, we again use contradiction:
suppose that (61) does not hold for some n > 7. Consequently,
we have /i < 2, u(f,(, ;) > 0 and

’Ygu(en) 2
0 (Guguiy ) = 0(6a) < /Cs.
Combining (70) with (already proved) (59), we get (69). On the
other side, (66) yields

IV £ 2 (u8)/0)/ > NE=2(u(8,)) /7

(notice that 0 < u(6,,) < 5<
Therefore, (69) implies

(70)
(71)

L2/ =1+1/(3) < 1+1/p).

i < U’(an) - u(ea(n,?)) < ~ 2“(67’1) U’( a(n,t) )
4 V@I~ (u(n))' 1/
— N2 /u(e ) du
w(Byny) (W(On)) TP
. u(6y) du
< M? —
- 11,(9(1(71 2)) U1+1/p
Cy

= I(U(ea(n,f)) - v(ﬁn))

Thus, v(0,(, 1)) — v(0n) > #/Cs, which directly contradicts
(71). Hence, (60) is satisfied for n > 7. O

Lemma 11: Suppose that Assumptions 1-4 hold. Then

’Y?lu(en) > -1
IV (817 < (4/8) ((u(bn)) +7,7)

on A\ Ny for n > 7, where function ¢(-) is defined by ¢(z) =
21(0,00) (), © € R (Np is specified in the statement of Lemma
6).

Proof: Let w be an arbitrary sample from A \ Ny (notice
that all formulas that follow in the proof correspond to this w).
First, we prove (72). To do so, we use contradiction: assume that
(72) is not satisfied for some ny > 7, and define recursively
N1 = a(ng, f) for k > 0. Now, let us show by induction that
{u(8n, )} x>0 is nonincreasing: Suppose that u(6,,,) < w(fn, ,)
for 0 <1 < k and some k£ > 1. Consequently

(72)
(73)

W) < ulp,) < =77 < =77

Then, Lemma 10 [relations (59) and (62)] yields

U (gnk~+1) - u(gnl\) S _(£/4)||Vf (gnl\) ||2 S 0
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ie, u(fn,,,) < u(bn,). Thus, {u(f,,)}r>0 is nonincreasing.
Therefore

lim sup u(6,, ) < u(fn,) < 0.

n—0o0

However, this is not possible, as lim,, ., u(6,) = 0 (due to
Lemma 7). Hence, (72) indeed holds for n > 7.

Now, (73) is demonstrated. Again, we proceed by contradic-
tion: suppose that (73) is violated for some n > 7. Consequently

IVF@)I* > (4/1)y

(notice that p < fr < 2r), which, together with Lemma 10
[relations (59) and (62)], yields

- u(ﬂn) S

P>

w(B(n,i)) —(E DIV F(0)II7.

Then, (72) implies

IVF(0n)1? < (4/8) (u(6n) — w(Ba(n 3)))

< (4/8)(@(u(fn)) +737).
However, this directly contradicts our assumption that n violates
(73). Thus, (73) is satisfied for n > 7. O
Lemma 12: Suppose that Assumptions 1-4 hold. Let Cs =
2C%. Then

liminfy2u(f,) < Cs

n—o0o

(74)

on A\ Ny (N is specified in the statement of Lemma 6).
Proof: We prove the lemma by contradiction: assume that
(74) is violated for some sample w from A \ Ny (notice that
the formulas which follow in the proof correspond to this w).
Consequently, there exists ng > 7 such that
You(fn) > Cs (75)
for n < ng.
Let {ny}r>0 be defined recursively as ny1 = a(ng, tA) for
k > 0. In what follows in the proof, we consider separately the
cases i < 2 and i1 = 2.

Case i < 2: Owing to Lemma 10 [relations (61) and (64)]
and (75), we have

N ~

- U(gnk) 2 f/OZ Z (,Y’ﬂk+1 ’ynk)/c

fork >0 [notlce that y2u(6,,) > 1 due to (75); also notice that

v(9

"k+1)

Yrngpr — Yo S ] Therefore
k—1
0(0n,) > 0(0ny) + (1/C2) > (Yiyr = i)
1=0
= ’U(eno) + (Vnk - ’Yno)/é2
for £ > 0. Then, (75) implies
(v(ano)/’yﬂ/k + (1 _fyno/fynk)/éb) ( ( nA)/’Y”A)
=5, u(fn,)
> O
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for &k > 0. However, this is impossible, since the limit process
k — oo (applied to the previous relation) yields C3 < C%.
Hence, (74) holds when 4 < 2.

Case [i1 = 2: Due to Lemma 10 [relations (60) and (63)] and
(75), we have

W) < (L= F/Co)u(tn,)
< (1= (s = 1)/ ) B,

for k£ > 0. Consequently

(nk Su no H(l 7n1+1_
=0 k—1

< u(ﬁno)exp ( 1/02 Z Trivr )
=0

= w(Bhy) exp (= = s)/C2)
for £ > 0. Then, (75) yields

(B )78, 50 (=, = W0)/C2) > A8, ulb,) > Cy

70.)/C)

for £ > 0. However, this is not possible, as the }imit process
k — oo (applied to the previous relation) implies C'3 < 0. Thus,
(74) holds in the case i = 2 as well. O

Lemma 13: Suppose that Assumptions 1-4 hold. Let Cy =
6C'5. Then

lim sup y2u(6,,) < C4

n— o0

(76)

on A\ Ny (IVy is specified in the statement of Lemma 6).
Proof: We use contradiction to prove the lemma: suppose

that (76) is violated for some sample w from A \ Ny (notice

that the formulas which appear in the proof correspond to this

w). Since limp, o (Vq(n,iy/¥n) = 1, it can be deduced from
Lemma 12 that there exist ng > mg > 7 such that
VE u(Bmy) < 205 (77)
Yy u(Bng) > Ci (78)
i 0,) > 2C 79
e, 1) > 205 ™
0,) < C 80
%, u02) < C o
and such that
(rya(mg,f)/rymo )i) < Hlin{Z? (1 - f/éz)il}' (1)

Let g = a(my,t). As a direct consequence of Lemma 11 and
(77), we get

V£ Bag IIF < (4/8) (@((Bmy)) + 7)< 12(C /B 2.

Consequently, Lemma 9 and (40) imply

w(n) = u(bmg) < | Pmg.n |

</ C) (e + IV F (Oma)[1?)
< (t/Cl) 22+ (12C3/Cr)
< Vm
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for mg < n < lo (notice that p < 2r, t/C’1 < 1/2,Cy
2403) Then, (77) and (79) yield

v

U(@mo) u(9m0+1) - ’7771103
203(7m0/7m0+1)p7;€ — Yok

(82)

A
%
INIA A IV IV IV

(2 03 + 1)(7n/77m)) r:j)
6

Gy, = Cyyy? (83)

for mg < n < o (notice that (Vn/Ymo)? < (Vi /Yo )P < 2
for my < n < ng). Using (78) and (83), we conclude [y < nyg.
In the rest of the proof, we consider separately the cases i < 2
and 1 = 2.

Case 1 < 2: Owing to Lemma 10 [relations (61) and (64)]
and (77), (82), we have

~

0(01,) > 0(Omy) +1/Co > (2C3) Y Pyms 4+ (Y1 = Yimy )/ Co
> min{(2C5) "7, C5 Yy,
= (203)71“%”0

[notice that (2@3)1/ » > (). Therefore

u(Bh,) = (v(6s,))

However, this directly contradicts (79) and the fact that my <
lp < mg. Thus, (76) holds when i < 2.

P <205y ”

Case i = 2: Using Lemma 10 [relations (60) and (63)] and
(82), we get

—t/Ca)u(bim,)

u(fy,) < (1
2C5(1 = £/Ca) (V1o [Yme )Pyt < 2037, F

<
<

However, this is impossible due to (79) and the fact that mg <
lp < ng. Hence, (76) holds in the case i = 2 as well. O

Lemma 14: Suppose that Assumptions 1-4 hold. Then

180ty = Onll < 2927 (u(Bn) = By 1)) + 67, @D (84)

a(n,t)
on A\ Ny forn > max{a, 7} (Ny is specified in the statement
of Lemma 6).

Proof: Let w be an arbitrary sample from A \ Ny, while
n > max{o, 7} is an arbitrary integer (notice that all formulas
which appear in the proof correspond to these w, n). To show
(84), we consider separately the cases |V f(6,)| > (D)
and ||V £ (B)[| < 3"

Case ||V f(0,)| > fy;(q'i'l): Due to Lemma 9, we have

IV £ G) 118ty =l < 2(u(Br) (8 )20/ C)7, "
(85)

On the other side, since |V f(6,)]| > n AR DS v7" (notice
that ¢ + 1 < r), Lemma 10 [relations (59) and (62)] implies
—u(f,) <

(B (n i) —(E/ DIV <0
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ie., u(f) — u(b,(, ) > 0. Then, (85) yields

10an,zy — Onll
< 2(u(0n) = u(@, 0 IV F (@)™
+2(H/CO) IV £ (0]
< 29 (w(ln) = w00 y)) + 7y, D
< 295 (w(ln) = w(lyny)) +vm Y
[notice that f/ Cy <1 /2; also notice that § + 1 < r, which

implies 2 — (¢ + 1) > ¢ + 1]. Hence, (84) is true when
—(§+1
IV £(0n)ll > 7 @FY.

Case ||V f(0.)| < Y - Using Lemma 9 and (40), we
get
| w(Oagn,iy) — w(bn)]
(fya(n f) - fyn)va(gn)”Z + |¢n,a(n,f) |
< (H/C) (2 IV LE)IP) + UV F (811
< ,y;?(q+1)

(notice that § + 1 < r < 2r and f/é’l < 1/2). On the other
side, owing to Lemma 9 and (39), we have

1agn,ty = Onll
S UV + (E/C) (" + IV F(0)])
< 2,},;(!?-‘:-1)

(notice that ¢ + 1 < r). Consequently

— O]l < 292 (W) — w(B,(3)))
+ 298 [u(8,) — u(B,0 ) | + 2y, (@D
< 298 (u(b) = (B, 7)) + 67, O,

||6a(n t

Thus, (84) holds in the case ||V £(6,,)]| < v “TY. O

Lemma 15: Suppose that Assumptions 1-4 hold. Then, there
exists a random quantity Cs suchthat1 < C < oo everywhere
and such that

lim sup 4 max 10 — 6] < Cs (86)
on A\ Ny (N is s specified in the statement of Lemma 6).
Proof: Let C = 9C4(§ + 1) and Cs = 20CE~(1 + 1/§),
while w is an arbitrary sample from A \ Ny (notice that all for-
mulas which follow in the proof correspond to this w).
First, we show

g=min{(p+1)/2,7} — 1. (87)

If i = 2, then 7 = 00, p = 2r, ¢ = r — 1, and consequently,
87) holds. If i < 2,7 > #, then 7 = 1/(2 — i), p = [if,
G = 7—1andthus, (p+ 1)/2 = . Therefore, (87) is true when
p<2,r>r.Ifp<2,r <7 thent =1/(2-4),p= jr,
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G=r—1,and hence, p+ 1 = ir + 1 > 2r (notice that r < 7,
7 =1/(2 — [1) imply 2r — fir < 1). Consequently, (87) is true
when o < 2, r < 7.

Using Lemmas 11 and 13, we get

limsup~?2 |u(6,)| < Cy (88)
lim sup 2 ||V £ (8)[1> < 8C4/t. (89)

Since v, 1

(1= t/p) ™ =1~

— Y =t+ O(aty (1)) for n — oo, and
i+ 1)v " + ol )

for n — o0, we conclude from (88) and (89) that there ex-

ists ng > max{c,7} (depending on w) such that |[u(f)| <
205772, [V 0N < (ACs /132, Yy = Y > /2, and
(1= i/) " 21— (4+ 1)y, " (90)
for n > ng. Then, (39) and Lemma 9 imply
10k — Onll < (v = ¥)IVF(O0)I + llen, k]
SV + @/ CO (" + IV(0R)I)
<8CyY P2 4T
< Oyt 1)

for ng < n < k < a(n,t) (notice that § < min{p/2,7}).
Let {nj }r>0 be recursively defined as nx41 = a(ng, ) for
k > 0. Due to Lemma 14, we have

||0nl -0

el

-1
S Z ||0ni+1 - Hni
< QZ,Y(I+1
<2 Z (it -

-1
D) = (B, +627 (4+1)
i=k

Ya ) [u(On,)

1=k+1
+ 290 [u(B,) | + 295 [u6n,) | + 627‘“*”
(92)
forl > k > 0. As
O — T = (1 — (1= (Y, — ) /)T
<AL= (1= £/, T
<(G+ 1)L,
for i > 0 [use (90)], we get
l
> (T A )P <G+ 1) Zﬂ*q 93)

1) Z %;_(Hl) (94)

i=k
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forl > k > 0 (notice thatp — G > (p+ 1)/2 > ¢+ 1). Since

= Vny + Z '7n1+1 -

for [ > k > 0 (notice that Ya(n,i) ~
have

Z,y—(q+l) <

%Z( T4 / (Yo + fu/2) =+ du
0

VGt 4 of =gy

k

+(/2)(1 - k)

) > Y, +

Y > 5/2 for n > ng), we

O + /)70

gk

IN

<1 +2t7g )yl 95)
for £ > 0. Consequently, (92) and (93) imply
18, = O, |l < (6+4Cu(G+1)) D 7, @D
1=k
+ 46’47;5""‘}"'1 + 4@'477;13-‘:-!}—1-1
<16C(L+i1G )y, ! (96)

forl > k > 0 [notice that p —
(91) and (96), we get

(@+1) > (p—1)/2 > 1. Using
10k = Oull < |6k — On; [l + ||0n; — ni = Onll
<Oy T+ Oyt + 160(1 + iy
< és%

fork > n > ng,7 > ¢ > 1satisfyingn,_1 < n < n;,
nj_1 < k < nj. Then, it is obvious that (86) is true. O

Proof of Theorems 2 and 3: Owing to Lemmas 7 and 15,
we have that on A \ Ny, 6 = lim,,_, o 0, exists and satisfies
Vf(6) = 0. Consequently, Q C {# € R% : ||§ — || < 0}
on A \ Np. Thus, random quantities p, § defined in this section
coincide with p, ¢ introduced in Theorem 3 (see the remark after
Corollary 5). Then, Lemmas 11, 13, and 15 imply that (6)—(8)
are true on A \ Ny. O

V. PROOF OF PROPOSITIONS 1-4

Proof of Proposition 1: Owing to conditions i) and ii) of
the proposition, for any compact set () C ©, there exists a real
number e € (0,1) such that

eQ <ro(y, =’ |v) <egt 97)
forall # € Q, z,x’ € X,y € ). Hence, Assumption 3 is
satisfied. On the other side, condition ii) implies that r¢(y, 2’ | )
has a (complex-valued) analytic continuation 7, (y, z’ | ) with

the following properties.

a) 7,(y, 2’| ) maps (n,z,2’,y) € C% x X x X x Y into
C.

b) 7e(y,x’' |x) = ro(y,x’ |z) forall § € O, z,2/ € X,
y €.

¢) For any compact set () C ©, there exists a real number
6g € (0,1) such that 7, (y,z’ | z) is analytic in n on
VEQ(Q) foreachz, 2’ € X,y € ).
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Relying on 7,(y,z’|z), we define quantities R, (y),
qﬁn(w y), G »(w,y). More specifically, forn € C%,y € Y,
]:En (y) is an N, x N, matrix whose (¢, ) entry is 7, (y,¢| j),
while

7 _ Jlog(e" R, (y)w), if eT R, (y)w # 0
oy(w,y) = {07 ! otherw?se ©8)
Gylw,y) = {Rn(ww/ (" Ry(y)w), if " Ry(y)w # 0
e 0, otherwise
99)

forn € C¥,y € Y, we CN=.

Let Q C O be an arbitrary compact set. Since e Ry (y)u >
Nyeg forall 0 € Q,y € Y, u € PN+ [due to (97)], we
conclude that there exists a real number 8¢, € (0, 8¢) such that
|eT R, (y)w| > N,oeg/2 foralln € Vs, (Q), w € Vs, (PN=),
y € Y. Therefore, qﬁn(w y), Gy (w, y) are analytic in (7, w) on
Voo (@)% Vs, (PN=) forany y € Y. Consequently, | ¢, (w, )|,
|Gy (w, y)|| are uniformly bounded in (7, w,y) on Vs, (Q) x
Vg (PN=) x Y. Thus, Assumption 4 is satisfied as well. O

Proof of Proposition 2: Conditions i) and ii) of the propo-
sition imply that for any compact set ) C O, there exists a
real number e € (0,1) such that e < ry(y,2’ |z) < 551
foralld € Q, z,2’ € X,y € Y. Thus, Assumption 3 holds.
On the other side, as a result of condition ii), 7¢(y, 2’ | ) has
a (complex-valued) analytic continuation 7, (z,z’ | ) with the
following properties.

a) 7y(z,2"| ) maps (n,z,2',2) € C¥ x X x X x C% into
C.

b) 79(y,7’'|z) = 19(y, 2’ |x) forall § € O, z,2’ € X,
y € ).

c¢) For any compact set Q C O, there exists a real number
¢ € (0,1) such that #, (2,2’ | =) is analytic in (7, z) on
Vi, (@) x V5, () for each z,2" € X.

5o

Relying on rn(y #'|x), we define quantities R,(y),
qﬁn (w,y), G »(w,y) in the same way as in the proof of Propo-
sition 1. More specifically, for n € C%, y € ), Rn( ) is
an N, x N, matrix whose (4, ) entry is 7,(y,¢|j), while
bn(w,y), Gy (w,y) are defined by (98) and (99) for n € C%,
ye Y, we CN‘". Let @ C © be an arbitrary compact set. As
Ngeq <eTRy(y)u < N, eélforanyHGQ y €Y, uec PNe,
we have that there exists a real number ¢ € (0,6¢) such that
Noeq/2 < |eTRy(y)w| < 2Nyeg' forall p € Vi, (Q).
w € Vs, (PN=),y €y [notlce that |eTR (y)w] is analytic in
(n,w y) on V3 (Q) x Vz,(PN*) x Y. Therefore, bn(w,y),
G n(w,y) are analytlc in (17 w) on %Q(Q) X Vs, (PN=) for
any y € ). Moreover, |¢T,(w y) |, ||G (w,y)|| are uniformly
bounded in (n,w,y) on Vs, (Q) x Vs, (PN=) x Y. Hence,
Assumption 4 holds as well. O

Proof of Proposition 3: Fora € A, 3 = [f1---fn,]" €
B, z,2" € X,let g§(2' | z) = Bu 1Pa(’ | ). Then, we have
Ng
rolna! |2 = 3 il | )gh(a' | )
k=1

forall € ©, x,2' € X,y € ). We also have that for any
compact set () C O, there exists a real number e € (0, 1)
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such that e < g (a'|z) < ' foreach § € Q, z,2" € X,
1 < k < Ng. Consequently

N3 N
cQ Y fr(yla’) <moly o’ [2) <eg" Dy fulyla')
k=1 k=1

forall § € Q, z,2’ € X and any compact set Q C ©. Hence,
Assumption 3 holds [set sp(y,x) = EkNil fr(y|z)]. On the
other side, condition i) implies that for each 1 < k < N,
gk(2'| ) has a (complex-valued) analytic continuation
gn (2" | z) with the following properties.
a) gy(z'|z) maps (n,z,2") € C% x X x X into C.
b) gF(z'|x) = gk(z'| ) foralld € ©, x,2' € X.
¢) For any compact set Q C O, there exists a real number
d¢ € (0,1) such that g5 («' | x) is analytic in 7 on Vio (@)
for each z,2’ € X.
Relying on gn( x' | z), we define some new quantities. More
specifically, for n € C%, w = [w; ---wy,|T € CN=, 2,2’ €
X,y e),let

y(y, 2" |x) =

kale (@’ |x)
Z Gy (@' [ Yy

z''ex

k —
hn,w (xl) -

while R,(y) is an N, x N, matrix whose (i,7) entry is
(Y, 1 |]) Moreover, let (/5,,(10 y), G, (w,y) be defined for
n € C% w € CN=,y € Y in the same way as in (98) and (99).
Let Q C © be arbitrary compact set. Since

€Q<Zg6

reEX

|xuz<€Q

foralld € Q,u =[us---un,]T € PNe,z,2’ € X,1 <k <
N3, we deduce that there ex1stsareal number 6¢, € (0, d¢) such
that Re{h ,(«')} > gQ/z |hE L (a")| < 265! forall g €
Vso (Q), w € Vg, (PN=), 2’ € X,1 < k < Ng. Consequently

T Ry()|
> [Re(e” Ry}

=> ka y|z")Re{hk ,(2')}

z'eX k=1

(eq/2)9(y) > 0
max{|| R, (y )wll |e" Ry (y)w |}

< ka yla') | Bl (2) |

' e€X k=1
< 2e5'P(y)

vV

for all n € Vs, (Q), w € Vs, ,(PN=), y € Y. Therefore,

¢n( y), G p(w,y) are analytic in (n,w) on Vs, (Q) X
Vs, (PN ) for each y € ). Moreover

1Gy (w, )| < deg”

| u(w,y) | < |log |e" Ry(y)w] | + 27

INAIN

| log(y) | +log(2e,") + 2
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forall n € V5, (Q), w € Vs, (PN=), y € V. Then, it is clear
that Assumption 4 holds as well. O

Lemma 16: Let the conditions of Proposition 4 hold. Then,
¢o(u,y), Go(u,y) have (complex-valued) analytic continu-
ations q@n(w,y), én(w,y) (respectively) with the following
properties.

D) by(w,y), Gy(w,y) map (n,w,y) € C¥ x CN* x Y into

C, CN- (respectlvely)

ii) ¢0(U U) o (u,y), Golu,y) =
uw€ PNe y €Y.

iii) For each § € O, there exist real numbers 6y € (0,1),
Ky € [1,00) such that @n(w,y), én(w,y) are analytic
in (n,w) on Vs, (0) x Vs, (PNe) for any y € ), and such
that

Goy(u,y) forallf € O,

| bolw, )| < Ko(1+37), 1G9l < Ko
forall n € Vs, (0), w € Vs, (PN=), y € V.

Proof: Due to condition i) of Proposition 4, p,,(z’ | z) has a
(complex-valued) analytic continuation p,(z’ | z) with the fol-
lowing properties.

a) pa(7’|z) maps (a,z,2') € Clo x X x X into C.
b) po(z’|z) = pa(a’|x) foralla € A, z,2" € X.
¢) For any a € A, there exists a real number Sa
such that p, (2’| ) is analytic in @ on V3 (a) fo
r,x' € X.
On the other side, the analytic continuation ,(y|z) of
gs(y | z) is defined by

(0,1)

or each

(jb(y | :E) =V lm/7r eXp(_lz(y - mm)z)
forb=1[ly--Ixymi---mn]T €CPNe .z e X,y
Let 7, (y, 2’ |x) = @y |2)pa(z'|x) for a € Cl= b €
CHNe, = [a b7, z,a" € X,y € Y. Moreover, for i €

Ch,yed, R,y ) is an N; x N, matrix whose (4, j) entry is
Pn(y,i] ), while ¢, (w,y), Gy (w,y) are defined for n € C%,
w € CN= y € Y in the same way as in (98) and (99).

Let o, ﬂ = [Ar---An,p1 -+, )T be arbitrarily vectors
in A, B (respectively), while § = [a”3T]T. Obviously, it can
be assumed without loss of generality that A\; < ), for each
x € X\ {1}. Since

RC

zeX

" z)u, >0

forall ' € X, u = [uy---un,]T € PN+, there exist real
numbers 619,89 € (0,1) such that R, (y) is analytic in 1 on
Vi, (0) for any y € ), and such that

{Zpa (' | )w }25 (100)
reX
> balr’ | 2)wa| < &5 (101)
reX
min{Re{ll} Re{l r = ll}} > 59
max{ |l |, |man |} < &5
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foralla € V3 (@), b=[li---In,mi---mn,]" € Vs  (0),
w = [wy-- wN T e Vs, ,(PN=), e X\ {1}, 2" € X.
Therefore, we have

lgv(y | 2) |
=v/|lz|/7 |exp(—Re{lm}gf+2Re{lmmm}y—Re{lszc}) |
<V ol /mexp(Re{le }y* +2|Lo| ma| |yl + |l | Ima|?)
< (1//méq) exp(—Eoy” +28, 2yl + &5 °)

forany b = [Iy--- Tevs (B),zeX ye

Y. We also have

lN,Dml mNI]

gy (ylz)
v (y[1)
= VI|l|/ 11 ]Jexp(—Re{l. =11 }y* +2Re{lym, —lima Yy
— Re{l,m?2 — lym?})|
el /1l lexp(=Re{le =11}y +2(|Le| [me |+ |12 ] [ma)]y]
+ || fmal? + [l fma ?)
< &t exp(—Eoy® + 485 % |y| + 265%)

forallb = [ly---Inx,my---mp,]T € V:;M(/B), z € X\ {1},

y € Y. Consequently, there exists a real number Cy € [1,00)
such that

G (y | )
Gv(y 1)

forall b € V51 .

<Gy, |log la(yl2)| | < Co(1+y?) (102)

(B), z € X,y € Y, and such that

G (y|z)
Gv(y|1)

forany b € Vz (B),z € X\ {l},y € [~ Cy, Cy)° [to
show that (103) holds for all sufficiently large |y|, no-

tice that lim |, | o Go(y|2)/Gs(y|1) = 0 for z # 1].
As Gy(y|x)/qs(y|x) is uniformly continuous in (b,y) on

Vs, ,(B) x [=Cy, Cp] and limy_5 Go(y | ) /q5(y |~5E) = 1 for
any © € X,y € Y, there also exists a real number 62 ¢ € (0, 1)
such that

Go(y | =)
as(y | )

27IN el (103)

G (y | )
q5(y | )

<2 (104)

- 1‘ <27'éz,

forallbe Vs (B),z € X,y¢€ [—Cy, Cy]. Hence

|Gs(y | 2) — qa(y | 2)| < 27 E5qa(y | 2) (105)

foranyb € Vz (B),z € X,y € [—Cy, Cy].
Let 6y = min{SLg?SQ’g}? Ky = 8Nzégé;2
(101) and (102), we have

. As a result of

max{|| R, (y)w|, | e Ry(y)w|}

<> la(yla) | |Y bale

x'eX reX
< N.Coy ' ap(y | 1) |

(106)
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forall a € V59( ), b€ Vs, (B),n = [aTbT]T,y € YV, w =

[wy ---wn,]T € Vs,(PN=). Using (100), (101), and (103), we
get
| " Ry (y)w |
las(y [1) ]
qb y|$ A /

> Re{Zﬁa(l |x>w$}

rEX
a(y |’ R
_ - (( || 1)) Z pa(a:I |:1:)wz
ey PV zEX
> 271, (107)
forall a € Vg, (a), b € Vs, (3), n = [aTbT]T, y € [-Cq, Cy]°,

w = [wy---wn,]|T € Vs, (PN+). Combining (100), (101),
(104), and (105), we obtain

| Ry (y)w |
> aslyla’) Y pala’
' eX zeX
=1 (@) —qgsyl) Y pala’
z'eX zeX

>ZQﬁy|l’ {Zpa }
z'eX reX
> pala’

= > alyla’) = gsly| )]

r’eX reX
>27' Y qpy|a)
a'eX
> 27" 20qp(y | 1)
>4 gy 1) | (108)
for any a € Vs, (), b € Vs, (8), n = [aTbT]T, y € [~Cs, Cy],

w = [wy---wn,]T € Vs,(PNe). Then, it can be concluded
from (107) and (108) that (/3,,(11), Y), G‘n(w, y) are analytic in
(n,w) on Vs,(6) x Vs, (PN=) for each y € Y. On the other
side, (102) and (106)~(108) imply

|pn(w,y) | < |log |e" By(y)w]| | + 27
< Co(1 4 4?) +1og(N,Coéyt) + 27
< Ko(1+4%),

Gy (w, )|l < 4N, Coéy” < Ky

foranyn € Vs, (6), w € Vs,(P™+),y € V. Hence, the lemma’s
assertion holds. O

Proof of Proposition4: Let () C O be an arbitrary compact
set. Then, owing to conditions i) and ii) of the proposition, there
exists a real number ey € (0,1) such that ey < po(2’|z) <
651 foralla € A, z, 2’ € X satisfying [aT 8T]T € Q for some
(3 € B. Therefore

eQup(y|a’) <ro(y, o' |x) <eglaplyla’)
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foralla € A, 3 € B, = [oTBT)T, 22" € X,y € Y
satisfying § € Q. Thus, Assumption 3 is true. Since the col-
lection of sets { V5, /2(0)}scq covers Q and since @ is com-
pact, there exists a finite subset Q of @ such that @ is covered
by {%0/2(9)}0€Q. Let 5Q = mln{59/2 1 0 S Q}7 KQ =
max{Ky : 0 € Q} (6p and Ky are defined in the statement of
Lemma 16). Obviously, ¢ € (0,1), K¢ € [1,00). It can also
be deduced that for each 6 € Q, Vs, (8) x Vs, (PN=) is con-
tained in one of the sets from the collection {V, (#)} 4. Thus,
Vi, (Q) X Vi, (PN=) C Useg Vo, (8) x Vs, (PN=). Then, as an
immediate consequence of Lemma 16, we have that Assump-
tion 4 holds. ]

VI. CONCLUSION

We have studied the asymptotic properties of recursive max-
imum-likelihood estimation in hidden Markov models. We have
analyzed the asymptotic behavior of the asymptotic log-like-
lihood function and the convergence and convergence rate of
the recursive maximum-likelihood algorithm. Using the prin-
ciple of analytic continuation, we have shown the analyticity
of the asymptotic log-likelihood for analytically parameterized
hidden Markov models. Relying on this result and Lojasiewicz
inequality, we have demonstrated the point convergence of the
recursive maximum-likelihood algorithm, and we have derived
relatively tight bounds on the convergence rate. The obtained
results cover a relatively broad class of hidden Markov models
with finite state space and continuous observations. They can
also be extended to batch (i.e., nonrecursive) maximum-likeli-
hood estimators such as those studied in [6], [12], [27], and [36].
In the future work, attention will be given to the possibility of
extending the result of this paper to hidden Markov models with
continuous state space. The possibility of obtaining similar rate
of convergence results for nonanalytically parameterized hidden
Markov models will be explored as well.

APPENDIX I
In this Appendix, the proofs of Lemmas 1-3 are provided.

Remark: Throughout the Appendix, the following conven-
tion is applied. Diacritic ~is used to denote a locally defined
quantity, i.e., a quantity whose definition holds only in the proof
where the quantity appears.

Lemma 17: Let Assumption 4 hold. Then, for any compact
set ) C O, there exist real numbers pg € (0,1), L1 ¢ € [1,00)
such that

1 Fo (u, Vi)l < Ligve(y) (1 + (V) (109)
IVeGa(u,y)ll < Li,g (110)
| Ho(u, V,y)ll < L1o(1+[IV]]) (111
| For (', V', y) = Four(u”, V" )|l
< Ligvq(y)(L+ IV + 1V
(10" = 0"+l =+ V=V (112)
| He(u', V', y) — Hon (v, V", y)|
< Lo+ VI + 11V
(10" = 0"+ " =+ V=V (113)
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| by (') = by (") |

< Ligvo)(ln' ="+ llw" —w"|l)  (114)
|Gﬁl(wl7 y) - GU”(wuv y) |
< Lig(lln” = n"|l + |lw" — w"]]) (115)

for all 6,6",0" € Q, n'.n" € V,,(Q), u,u/,u" € PN=,
w',w” € VPQ(PNI), V, V' V" € RloXNe g c X,y €
[1q(-) is specified in Assumption 4].

Proof: Let pg = 6g/2 (8¢ is defined in Assumption 4).
Then, Cauchy inequality for complex-analytic functions (see,
e.g., [40, Prop. 2.1.3]) and Assumption 4 imply that there exists
a real number L; ¢ € [1,00) such that

| [ 92809} £ Lrvro)

(¥ttt} <hro

max{HV(n,w)ﬁgn(WW)
max { HV(,,,yw)éf,'(w» Y)

for all NS VPQ (Q)/ w e VPQ (PNz)v Yy € Yy [V(n,m)a v%n,w)
denote the gradient and Hessian with respect to (7, w), while
G%(w,y) stands for the kth component of Gy(w,y)]. Conse-
quently, there exists another real number Lo o € [1,00) such
that

max{|| gy (W', y) — by (", y)|l,
IV wby (W', y) = Vi (w” )|}
< Logvo@)(Iln ="l + v’
max{||Gyy (w',y) — Gy (w”, y)|l,
IV Gy (w',y) = Vi G (w”, )1}
< Log(lln ="l + lw' — w"|))

—w"|])

forany /.7 € V,,,(Q), w',w" € V,,(P ),y € V. There-
fore

1w, V)l < (Voo (w y)l + [[Vuda(w, ) IV
< Liove(y)(1 + (V)

|1 Hp (u, V,9)|l < IVeGo(u,y)|| + IVuGolu, ) IV
< LioN.(1+(V]))

foreach § € Q, u € PN=, V € R¥%*N= We also have

[ For (u', V', y) = For(u”, V" )|l
< Veger (v',y) — Voo (u”,y)||
+IVuder (v, y) = Ve (u”, ) [[[|[V']]
+IVudor (u”, )|V = V"]
< Lo+ IV + IV'INIE" = 6" + [l
+ LoV = V7|,
| Her (u', V', y) — Hor (u”, V" )|
<|IVeGor (v, y) — VoGon (v, y)|
+ IVuGor (', y) = VuGor (u”, )| V']
+ IVuGor (u” )|V = V"
< Lo+ IV + IV"INIE = 6”]| + 1o/
+ LoV = V7|

—u"[])

—u"[])
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for each #',60" € Q, v, u" € PN=, V', V" € R%*N=_ Then,
it can be deduced that there exists a real number L ¢ € [1, c0)
such that (109)—(115) hold for each 6,0",6" € Q, ',n" €
Voo (Q), uy ' u” € PNe ' w” € V,,(PN=), V,V', V" €
RdoxNe e X,y e ). O

Proof of Lemma 2: Forf € ©,u € [0,00)N=\{0},y € ),
let Ag(u,y) = V.Go(u,y), Ba(u,y) = VoGo(u,y). Foru €
[0, 00)N=\ {0}, n > m > 0 and sequences ¥ = {1, } >0,y =
{Yn}n>11n O, Y (respectively), let Ay’ (u) = I (I denotes the
N, x N, unit matrix) and

Agla‘.'ln(u> - m+1(G19y ( >7ym+1) t

Then, it is easy to demonstrate

V) =Y Bo, (G ),y Agly ™ (G (u)
+ VAP ()

foreachu € [0,00)™=\ {0}, V € R%*N= n > m > 0and any
sequences ¥ = {U, }n>0, ¥ = {Yn}n>1 10 O, Y (respectively).
Let Q@ C © be an arbitrary compact set. Then, using [39, Th.
3.1, Lemma 6.6] (with a few straightforward modifications), it
can be deduced from Assumption 3 that there exist real numbers
1.0 € (0,1), Lg € [1,00) such that

m:mn m:m ' w”
IG5 ') = G W) < Laelg” | o — =
(116)
4Gy )] < Lot a1

hold for all u € PN+, w’,w” € [0,00)N= \ {0}, n > m >0
and any sequences ¥ = {Un}n>0, ¥ = {Yn}n>1 in Q, V4
Consequently, we get

IG5 () = Gy (w”)|
[w — w”|[(e"w") + [Jw”|| [ e” (w' — w") |
(eTw/)(eTw//)

< 2(No + 1) Laergllw’ —w”|

< Lgeig

for all w’,w” € QN=, n > m > 0 and any sequences ¥ =

{ﬁn}nZ()a Yy = {’l/n}nzl in Q7 y
Due to Lemma 17 and (117), we have

n—1

155" (w, V)| < Loet " IVII + LigLg Y €ty ™

i=m

< LoVl + LigLo(l —e19)7"

forall u € PN=, V € R¥%*Ne ' > m > 0 and any sequences
9 = {0, }n>0,Y = {Yn}n>1 10 Q, V. Then, itis clear that there
exist real numbers €1, € (0,1), C2 ¢ € [1,00) such that (13)

4To deduce this, note that u, V, ..., G% ’;,(u) Agn (u)l/ have the same
meaning, respectively, as quantities x, ji, y", Fg'(u, y "), G" (peyfr,y™) ap-
pearing in [39]. Inequality (116) can also be obtained from [25, Th. 2.1] or [26,
Th. 4.1]. Similarly, (117) can be deduced from [24, Lemmas 3.4 and 4.3] (no-
tice that G5 (u), Ay, (u) have the same meaning, respectively, as M., ..,
VM n, pm] specified in [24, Sec. 5]).

A19n (G:;I,ynil(u% yn)
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and (14) hold for all w € PN= v, w"” € QN=, V € R xN=
and any sequence ¥ = {U},>0,¥ = {yn}n>1 0 Q, V. U
Lemma 18: Let Assumptions 3 and 4 hold. Then, for any

compact set () C ©, there exists a real number Ls ¢ € [1,00)
such that

1Gi%y (u) — Gew (Wl < Lagll6” — 6" (118)
[Hgi%y(u, V) = Hgil"y (u, V)| < Lagll6” = 6" [I(1+ |V )
(119)

forall ¢,0" € Q,u € PN+, V € R¥*Ne pn > 1 and any
sequence ¥ = {y, }n>1 in Y.

Proof: Let Q C O be arbitrary set. Then, using [39, Th.
3.2] (with a few obvious modifications), it can be deduced that
there exist real numbers ¢ € (0,1), L¢ € [1,00) such that

Z]E“(u", VH)H

|Hgy" (u', V') — H
< L&l (Il = | A+ [V |+ IV 1)+ V' = V"]
forall € Q,u ,u" € PN=, V',V € RWXNe ' > m >0
and any sequence ¥ = {y» }n>0 in V.

Lety = {yn }n>0 be an arbitrary sequence in ). It is straight-
forward to verify

(120)

ng u Gg// ( )

n—1
= 3 (G (G (w) - Gy (G ) (2D
=0
Hgff;(% V) = Hgiy(u, V)

,_.

(H (GO” ( )Hg”L,y(uv))
0

.
Il

H G (), Y V) (122)

forall 9’,0"” € Q,u € PN=,V € R*N= 5 > 0. Since

Goitl(u) = Gyt (GG, ()
B (GO () =GRty (GG ()
for any 6’.0” € Q,u € PN=, 0 < i < n Lemmas 2 and 17
yield
1G5y (Go7 (1) — Gty ™ (Gt ()]
< Oty IHG;,‘“ Gl () — G @Y ( H
< (Cy L, Qé‘n i 1”9/ 9”” (123)

for the same 6',0"”, w, m, ¢ [notice that Gé’i;l(u) =
Gg(u,y;+1)]. On the other side, as

HY' 3 (u, V)
= Hi (GO, (), HEEy (0. V)
iy (G (), HEE (1, V)
= myym (G (GhE ().
Hy (Gl (), By (0, ) )
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for each 0#/,0" € Q,u € PN=,V € R¥*Ne (0 < i < n,
Lemmas 2 and 17 and (120) imply

Hm, (G (), HE (0, V)
G ). Y )

GG o - )|
(+HWH1GW< HW “VW
_,_HH;,%“ Goit y(u)), H, H
Fy(u, V)
—Hy (Gl (u ))yH’:’Z,y(“’V))H

<L5nzl‘

N——

_I_L ~n 1— IHHL1+1 9” ( )

< (3Lyq + 1)L1,gLoey 110 — 6"
(L (| HY (u, V)
< 8CoqL3 gLoey™ M0 = 0" (1(1 + [IV]]) (124)

for the same #’,0”, u, V, n, i [notice that H: ;"'l(u V) =
Hy(u,V,y;+1)]. Combining (121)—(124), we conclude that
there exists a real number Lo ¢ € [1,00) such that (118) and
(119) hold for all #’.0” € Q, u € PN>, V € RW*Ne > 1
and any sequence ¥ = {y,, },>1 in ). O

Proof of Lemma 3: LetY = {Y,,}n>0. Moreover, for § €

O,u € PN,V e RIo>XNe 1 € X, let
bo(u, ) = B(po(u, Y1) | Xo = )
Fy(u,V,z) = E(Fp(u, V, Y1) | Xo = x)
while
by (u, z,y)
= 2($0(G33 (), X,)| Xo = 2. Y0 = y)
F(u,V,z,y)

= B (Fo( G5 (w), B3 (w, V), Xa)| Xo = 2,Y0 = y)

for n > 0. Consequently, Lemma 17 yields

|¢~)0( u, )| <E1Q

1Fo(u, V, )| <L1Q(1+||V||)
| do(u',z) — Po(u”,2) | < Ligllu' —u”||
1o (u', V') = Fy(u”, V", )|
< LU+ VI + IV IDl = o[ + [V = V"))
forall 0 € Q, w,u/,u” € PNe, V,V' V" € RlxNe,

z € X and any compact set () C O, where fJLQ =
Ly gmaxgex [ o(y)Q(dy|2'). Then, owing to [39, Th. 4.1

and 4.2], there exist functions 1) : © — R, g : ® — R? and for

any compact set () C O, there exist real numbers €3 ¢ € (0,1),
Ly, € [1,00) such that the following is true:

(125)
(126)

| 65 (u,z,)

—(0)| < Lagel g
|F5 (u, V, 2,y) <

—9(O)ll < Laqes o (1 +[IVI)
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forall € Q,ue PNe, VeRWNe zcX,yc),n>05
On the other side, it is easy to show

(H"¢)(9,C) (¢e(G (1), Yog) | X1 =2.Y1 = y)

>

~H(Go(u,y),7,y)

foralld € ©,¢ = (z,y,u) € S¢, n > 1.1t is also easy to
demonstrate

(P"F)(0,2)
=LK (FG(Gg,T)L/( )s H vy, V), Yoi1) | Xi =2, Y7 = y)
= Fn_l(GO u,y),Hg(u,V,y),a:,y)

forall € ©,¢ = (z,y,u) € S, z = (z,y,u,V) € S,
n > 1. Thus, for any compact set Q C O, there exists a real
number L3 ¢ € [1, 00) such that

|AT"$)(6.¢) = (0) | < Laqesq (127)
I(P"F)(0,2) = g(0)l| < Lsqes (1 + [IVI*) (128)
forall € Q, ¢ = (z,y,u) € S, z = (z,y,u,V) € S,
n > 1.
It is straightforward to verify
i <10gp9(Y1»---7Yn+1) X1 =211 = y)
n
1 n—1 .
=F <ﬁ Z $o(Goy(ug),Yir1)| X1 = 2, V1 = y)
_ Po(us, Y1)
——Z¢ (Go(ug,y), x’y)+n7—|—l (129)

foreach § € O, ( = (z,y,u) € S, n > 1, where ug =

[P(X{=1)--- P(X? = N,)]T. Itis also easy to demonstrate
Vg (¢9(G3,?(u)/ Yn+1)) = F9(Gg,$(u)7 Hg,:{}(uv 0)7 Yn+1)
(130)

foralld € ®, u € PN= n > 1 (here, 0 stands for the dg x N,
zero matrix). Combining (125) and (129), we deduce that on O,
f(-) is well defined and satisfies ¢(-) = f(+). On the other side,
Lemmas 2 and 17 yield

1Fo(Go3(w), Hy'y (1, 0), Yia) |
< L1,qtQ(Yarr) (1 + [ HGF (u, 0)]])
<201l qYe(Yntr)(1 + VI
foreach § € Q, u € PN+, n > 1 and any compact set ) C O.
Therefore
< 2010l +(IVI))
< 0

5The same result can also be obtained from [23, Th. 5.4]
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foralld € Q,z € X,y € Y, n > 1 and any compact set
@ C ©. Consequently, the dominated convergence theorem and
(130) imply
Ve(II")(6, )
:E(VG (d’G(G (U)a n+1))|X1:$7Y1:y)
= E (Fo(Gyy(u), HYy(1,0),Yp1)| X1 = 2,Y1 =)
= (P"F)(0,(z,y,u,0))
forall € ©,¢ = (z,y,u) € S, n > 1. As (II"¢)(0, ()
and (P™F)(#, z) converge (respectively) to ¢(6) and g(¢) uni-
formly in § € @ forall ( € S¢, z € S. and any compact set
@ C O [due to (127) and (128)], we conclude that on ©, f(-)
is differentiable and satisfies g(-) = V#(:) = V f(-). Owing to
Lemmas 2, 17, and 18, we have
1Fo (Goly (w), Hyly (u, V), Y1)
- Fg”(Ga// Y( ) H&// Y(u V)
< L1,qQ(Yarr) (1 + [ Hy's
(19" = 0”11 + 1G5y (u ) Gy (u)
+H Hyy (u, V) - HY? "y (u, V)))
< 9C1,QL1,qL2,qYq(Yar1)(L + VID?[I6" ~
forall #,0” € Q,u € PN=, V € R¥*Ne p > 1. Therefore

I(P"F)@',2) = (P"F) (6", )|
< 9C1gLaqLrolt! - 0”[I(1+ [V])?

Yol
y(u, V)II + [ Hyil'y (u, V)II)

6””

(131)

foreach#',0” € Q,z = (z,y,u,V) € S,.Since() = f(*)
and g(-) = Vf(+),itcanbe deduced from (127), (128),and (131)
that for any compactset ) C ©, there existreal numberses ¢ €
(0,1),Cs,0 € [1,00) suchthat (15)-(17) hold forall 8, ¢, " €
Q,¢=(z,y,u) € S¢,z = (z,y,u, V) €S.,n> 1. O

APPENDIX I

Lemmas 5 and 6 are proved in this Appendix.

Lemma 19: Suppose that Assumption 1 holds. Then, there

exists a real number s € (0, 1) such that 7 attsyl <

Proof: Letp = (24+2r)/(2+71),q = (2 + 21")/7" s =
(24 7)/(2 + 2r). Then, using the Holder inequality, we get

Zal-l—s r_ i (a2 2r)1/p <%> Y
- nTn 7721

n=1

S 1/p / 1/q
n=1

n=1 Tn

Since Vn41/¥n = 1+ an/vn = O(1) for n — oo and
= (07 _ = Yn+1 — Tn
; V2 ,;1 V2
oo 2 fYnt1 d
Tn+1 t
< mtl -
<>(z2) %

1 2
— — max <’Yn+1>
Y1 n=>0 Yn

altsyr converges. O

it is obvious that Y7
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Proof of Lemma 5: Let Q C © be an arbitrary compact set.
Owing to Lemmas 1 and 3, there exists a real number C; g €
[1,00) such that

> IP*F)6, 2
k=0

forall § € Q, z = (v,y,u,v) € S. [(P°F)(#,z) stands for
F(6,2)]. Consequently, Y-~ ,((P*F)(0,2) — V f(0)) is well
defined and finite for each § € @, z € S,. We also have

= VO < Crovom)A+IVI?) (132)

Z — V()
— Y (P*F)(0",2) = VF(8")) ‘
< S PEYE, )~ (PEEYE" )|
+n||V£(O) = VIO
+ 3 PR, - Vi)
k= 'n+1
+ Z 9” ) Vf(a”)“
k=n+1

for each 6’6" € ©, 2 € S., n > 1. Then, using Lemma 3,
it can be deduced that there exist real numbers ¢ € (0, 1),
Cs.q € [1,00) such that

> (PFF)(¥,2) )=> _((PXF)(6",2)-V£(0")) H
k=1 ~ k=1
< Co(L+[IVIP)(EQ +nllo" — 6"1)) (133)

forall 0',60" € Q, z = (x,y,u,V) € S.,n > 0 [(P°F)(8, 2)

is defined as F(4,2)].
Let Co = max{Ciq,Chq}. Moreover, let Ng .(t) =
[slogt/logég] for s,t € (0,1) and Ng(t) = 0 for
€ (0,1), ¢t € {0} U[1,00). Then, it can be concluded that
there exists a real number K¢ . € [1, 00) such that
Nos(t) + 52" < Kq, (134)

forall t € [0, 00).
Forf € ©, 2 = (z,y,u,V) € 8., let

©(6,2) =y ((P*F)(8,2) — V(9))
k=0
0a.s(2) = CoKqsva(y) (1 + V7).

Since

CoKq.s(1+ || Hg(u, V. 9)|1?)
E(pg(Ye) | X1 = x)

< 00

(P(pQ,s)w? Z) =
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forall§ € O, z = (z,y,u,V) € S., we deduce from (132)
that ®(-, -) is well defined, integrable, and satisfies (34) and (35)
[notice that (P®)(f,z) = Y r—, ((P¥F)(8,2) — V£(6))]. On
the other hand, (133) and (134) imply

[(P®)(#',2)— (P®)(8",2)|| < CqoKq (1 + [[V]*)0'—0""
forany 0',0"” € Q, z = (z,y,u, V) € S, [setn = Ng (||¢/ —
6”|]) in (133)]. Thus, (36) is true for each 0", 6" € Q, z =
(z,y,u,V) € S..

Let@ = {0,}n>0and Y = {Y¥,},,>1. Due to Lemma 2, we
have

Qs (Znt1)1{rq>n}
= CoKqs¥q(Yns1)(1 + |1 Hy3 (Uo, VO I ) (g >n}
<4CqKq..C3 giba( n+1)(1+||V0|| ) (135)

for each n > 0 [notice that Hy3:(Uy, V) depends only on the
first n elements of @, and that 61, ...,6, € Q is sufficient for
(135) to hold]. Consequently

E (¢2Q,S(Zn+1)I{TQ>n}| Zy = Z)
<16C{KY Clo(L+ IV EwS( n+1>|X1 = 1)
< 16C3 K3 (Ch o1+ V) max / SRy | )

< 00

forall z = (z,y,u,V) € S,, n > 0. Hence, (37) is true for all
z€S8.. O

Proof of Lemma 6: Let Q C © be an arbitrary compact
set, while ¢ is an arbitrary number in [0, 7]. Moreover, let ¥ :
© — R0 x40 be an arbitrary locally Lipschitz continuous func-
tion. Obviously, in order to prove the lemma, it is sufficient
to demonstrate that Y " a,v.U(6,,)¢, and Y.~ ¢l con-
verge w.p.1 on (7" {6, € Q} (to show the convergence of
Yo o Yn&n, sett = and U(f) = I forall § € ©, where [
stands for dg X dg unit matrix; to demonstrate the convergence
of >0 ¢, sett = 0and ¥(§) = e(V f(6))T foreach§ € O,
where e = [1---1]7 € R%). Let s € (0, 1) be a real number
such that En o 0TSy < oo (its existence is demonstrated in
Lemma 19, Appendix II), while

5 [ (6") — T (6"
o = max { 7w (oy, 1= 200N,
IVFO) =NFEDN ., 0 o
=0 :6,60".0 EQ}.
Moreover, for n > 1, let
d’l,n = \IJ(Hn)((P(Hn,Zn_H) - (P@)(ﬂn,Zn))
Ya,n = U(0,)((PO) (b, Zn) — (PR)(0r—1, Zn))
+ (Y (On) = ¥(0n—1))(PP)(On-1, Zn),
Y3n = U(0,)(P®)(On, Zpt1)-
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Then, it is straightforward to verify

YU =Y i+ Y aivfde; (136)
i=1 i=1 i=1
n—1
+ ) (@ip1vf — aivss (137)
i=0
— Y 3n + 0Y9Y3,0 (138)
forn > 1.
Owing to Assumption 1, we have
Qp = an—l—l(l + Oén(a;j_l a;l)) O(Oén+1)
ap — Opy1 = anan+l(a;41»1 « 1) O(ai+l)

as n — oo. Consequently

Z a an+1’yn+1 Z(an/an+l)sa;+lrﬁz+l

<o (139)
> om = a1t | €D an v =i |
n=0 n=0
+ Z |t — g1 [V
oo (140)

On the other side, as a consequence of Lemma 5, we get

Eg (1910 | Iizg>ny)
< 208 By - (0%,(Zn+1)rg>n))
+ ZééEe,z ((pg?,s(Zn)I{TQ>n—1})

Eo (Y20 I{rg>n})
<200 E,-(Q,+(Zn)||0n — 0

n—1 ||SI{TQ>n})
S ZCQa:l—lEGVZ(@g?,s(zn)l{ng>n—1})

forallf € ©, z € S,, n > 1. Due to the same lemma, we have

EG,Z( | 1/)3,n | 2I{TQ>n})
Eo. (|¢n |I{7'Q>n})

8 Ee.- (08 o(Zns 1) {rg>ny)
QEG,Z(||9n+1 — 0y, ||21{7'Q>n})
Cqoi Eo (95, (Zni1) {rg>n})
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foralld € ©, 2 € S,,n > 1. Then, Lemma 5 and (139) yield

Ey . <Z O‘?L’ygt |¢1,n | 2I{TQ>TL})
n=1

<act (z afnzf) 6 o (¢ o)

< o0 (141)
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K. <Z an%tz |7/}2,n | I{TQ>n}>
n=1

< ZCQ <Z ai—lan’yrtz> Sl;PO E@,z (‘pé,s(Zn+1)I{TQ>n})

n=1

(142)

< oo
forany # € ©, z € S,. Moreover, Lemma 5 and (140) imply

(e}
Eg.. <Z lomvn = ont1Vng1 | [¥30n | Irg>ny

n=1

oo
< Cq (Z | any,, = an+1%tz+1 |>

n=1

1/2
- Sl;l(; (EQ,Z (w2Q7S(ZTL+1)I{TQ>n}))
<o (143)
Ey.. <Z 0‘721+1’Ygt+1 | Y3.m | 21{7Q>n}>
n=1
< ~é (Z a?L-‘rl’Y’?Lt-‘rl) Slil(; E@,z (@2Q,S(Zn+1)I{TQ>n})
n=1 nz
< 00 (144)
Ee,z <Z |¢Z | I{‘rQ>n}>
n=0
< Co (Z ai) sup o (3,0 (Zn4 1) {rg>n))
n=0 n=
< 00 (145)

foreachf € ©,z € S.,.
Owing to (142)—(145), series

oo oo oo
D anvton, Y (¥ = g1V )W, Y D
n=1

n=1 n=1

converge w.p.1on () _ {6, € Q} andlim,, . @, V.93, =0
w.p.1 on the same event. On the other hand, we have

Ee,z(¢1,nl{rQ>n} |fn)
= U(0,)(Ep,=(®(On, Zny1) | Fr) = (PR) (b, Z0)) g >}
=0

w.p.l for every § € O, z € S,, n > 1, where F, =
{00, Zo,...,0,,Z,}. Hence, {"/le"I{TQ>"}}n>o is a mar-
tingale-difference sequence. Combining this with (141) and
using the martingale convergence theorem (see [14, Corol-
lary 2.2]), we get that Y~ @, 7591 5, is convergent w.p.1 on
No—o{b € Q}. Then, (136) implies that >~ v, v, U (6,,)&,,
converges w.p.1 on ()2 ,{6, € Q}. Hence, event N with the
required properties exits. O

APPENDIX III

In this Appendix, we demonstrate that Assumption 4 does
not hold for the models specified in Section III-D when B =
(0,00)N= x RN= (i.e., when © includes points from A x B).
To do so, we use the following notation. For a € C?, b =
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[ ly,ma-omy, |7 € €Y, w = [wy - wn, ] € CY,
v € X,y €Y, andn = [albT]T, let

iLm’ (n7w1y> = Z \% lw’ exp(—lm/ (y - m$’)2>ﬁa(x/ | x)w$

reEX

gx’ (n7w7y) = hxl(ﬁ?w,y) .
Zm”e.l’ b (777 w, ’U)
Remark: [G1(n,w,y)---dn, (n, w,y)]* would be a unique
analytic continuation of Gg(u, y) if such a continuation existed.
However, due to Lemma 20, even if the continuation exists, it

cannot satisfy (4) (i.e., Assumption 4).

]T

Lemma 20: Let conditions i) and ii) of Proposition 4 hold,
while § € A x B, u € PN= are arbitrary vectors. Then, there
exist sequences {7, }n>0, {¥n}n>0 in Cdo, Y (respectively)
such that lim,, .., 7, = # and

Bim > | G uyyn) | = o0 (146)
TEX
({Mn }n>0, {Yn }n>0 may be dependent on 0).
Proof: 6 admits the representation § = [T 37T, where

a € A B = [\ Anu-pn,)T € B. Without loss
of generality, it can be assumed that there exists an integer N
(which may depend on ) with the following properties: i) 2 <
N < N,,ii) A\, = Xforeach z € X,iii) A\, > \ for all
x € X\ X, where A\ = mingex Ay, X = {1,...,]\7}. It can

also be assumed without loss of generality that 411 = pu, where
po= max, g -

Let r, = > cyPa(z|2)uy for x € X, while s =
S emy e/ b = (7 +10g% 5)1/2, = 7 — arctan(r/¢).
Moreover, let y,, = p1 + n, p, = t/n? for n > 1, while
lhin=X+ Pn€?, Lern = A2 (1 — pror +n)%, Loy = Mg
forz/ € X\ {1}, 2” € X\ X, n > 1. Furthermore, let
by = [lin-Iny npin - cun, )T, nn = [@TbI)T forn > 1.
Then, it is straightforward to verify

Bt s 1) = /A F pnei® exp(—An?) exp(—1ei¥)r,
== \/mexp(—)\n?)rls.
It is also easy to show

Y (it ynsu)

zeX\{1}
= Z Lﬁexp(—/\nz)m
R
vy 1T H
+ Y Vasexp(=Aa(p — pir + 1))
a:GX\.i’

[notice that e’¥ = (—log s + im)/t]. Consequently
lim exp(An?)hy(nn, Yo, u) = —VAris # 0

nh_)l'{)lo eXp()\TLZ) Z ila: (nn/ Yn, U’)
zeX

:—\/XTls—}—\/X Z re =0

zeX\{1}

[notice that lim,, o, exp(An?) exp(—Az (1 — pe +1)?) = 0
forallz € X'\ X'; also notice that due to condition ii) of Propo-
sition 2, r, > 0 for each x € X, wherefrom (146) directly
follows. O
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