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Modeling wall shear stress

e Wall shear stress modulus at the systolic peak on real inner carotid
artery geometry affected by aneurysm

e data obtained by CFD, courtesy of the AneuRisk project

e Passerini, 2009, PhD Thesis, Politecnico di Milano

e http://mox.polimi.it/it/progetti/aneurisk/
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Angular flattening map

A new coordinate system is defined by (s, r,6)

s 1S the curvilinear abscissa along the artery centerline

6 the angle of the surface point with respect to the artery centerline.

r the artery radius

The domain is then reduced to the plane (s, 0 x 7)
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Angular flattening map issues

1. important factors of the parent vasculature are ignored

e the curvature
e the radius

2. the aneurysm must be removed
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Current smoothing methods for surface domains

1. Nearest Neighbor Averaging (Hagler et al., 2006)

simple

2. Heat Kernel Smoothing (Chung et al., 2005)

Inference
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Spatial Spline Regression model for non-planar domains

e Data locations:

{Xi —= (5617;,5621',5631'); 1=1,... ,n} on a surface X C R3

e The model: z; = f(Xz) + €;

e; are i.i.d. errors with E[¢;] = 0 and Var(e;) = o
f is a twice continuously differentiable real-valued function

e The estimate:

(60 = 3 = 1) 4 [ (Asf(0)? as
1=1

Ay, - Laplace-Beltrami operator for functions on the surface X
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Spatial Spline Regression model for non-planar domains

e Data locations:

{Xi —= (Ili,xgi,xgi); 1=1,... ,n} on a surface X C R3

e The model: z; = f(Xz) + €; or Z; = Wﬁﬁ -+ f(Xq) + €;

e; are i.i.d. errors with E[¢;] = 0 and Var(e;) = o
f is a twice continuously differentiable real-valued function
5 € R? is the vector of regression coefficients

w; = (w1, ..., W) IS a g-vector of covariates

e The estimate:
(60 = 3 (i = Fx)) 42 [ (Anf()? as
1=1
Ay, - Laplace-Beltrami operator for functions on the surface X
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Spatial Spline Regression model for non-planar domains

e Data locations:

{Xi —= (5617;,5621',5631'); 1=1,... ,n} on a surface X C R3

e The model: z; = f(Xz) + €;

e; are i.i.d. errors with E[¢;] = 0 and Var(e;) = o
f is a twice continuously differentiable real-valued function

e The estimate:

(60 = 3 = 1) 4 [ (Asf(0)? as
1=1

Ay, - Laplace-Beltrami operator for functions on the surface X
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Flatten via a conformal map

Apply a modified SSR technique
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The flattening map

We define a map X such that

X Q) —= X

u=(u,v) —x=(r1,T2,3)

where ) is an open, convex and bounded set in R?.
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The flattening map

We define a map X such that

X Q) —= X

u=(u,v) —x=(r1,T2,3)

where ) is an open, convex and bounded set in R?.

X, and X, - column vectors of first order partial derivatives of X with
respect to v and v.
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The flattening map

We define a map X such that

X Q) —= X

u=(u,v) —x=(r1,T2,3)

where ) is an open, convex and bounded set in R?.

X, and X, - column vectors of first order partial derivatives of X with
respect to v and v.

For the map X to be conformal:

L[ Xl = [| X
2. <XU7XU> =0
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Flattening method

(Haker et al., [5])
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Flattening method

(Haker et al., [5])

(_Asu=00nYX
{u=00nog

kfLLZlOI’]Ol
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Flattening method

(Haker et al., [5])

(_Asu=00nYX
{u=00nog
kfLLZlOI’]Ol
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Flattening method

(Haker et al., [5])

(_Asu=00nYX
{u=00nog

kfLLZlOI’]Ol

—Ayv=00nX

.v v(() = fCCo % ds on B
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Flattening method

(Haker et al., [5])

/ I
—Ayu=00nX =

m
{u=00nog 3
\u=10no ?
—Ayv=00nX
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Laplace-Beltrami operator

XuH2 <Xu X’U> g11  gi12
G:=(vxyvx = ’ =
( ) ( <vaXu> HXvH2 g21 g22
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Laplace-Beltrami operator

XuH2 <Xu X’U> g11  gi12
G:=(vxyvx = ’ =
( ) ( <XvaXu> |Xv||2 g21 g22

Keep in mind:

N / (O IX@IP (Xu(u), X, (w)
Glu) = (VX ()] VX {u) = ( (Xo(), Xu(w) || ()2 )
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Laplace-Beltrami operator

XuH2 <Xu X’U> g11  gi12
G:=(vxyvx = ’ =
( ) ( <vaXu> HXvH2 g21 g22

W = /det(G) = WdQ = d¥

MODELLISTICA E CALCOLO SCIENTIFICO

™\ r
rUTURD g
MIUR FIRB Futuro in Ricerca research project: IN RICERCA




Laplace-Beltrami operator

)(uHQ <)(u }(v> g11  gi12
G:=(vxyvx = ’ =
( ) ( <vaXu> HXvH2 g21 g22

= /det(G) = W) = dX

For (f o X) € C3(Q):

Ax f(x Z 03(aj0;(f © X))

1,7=1

a;; are the components of the positive definite symmetric matrix

4 — ( ailr  aie ) —wo-l

a21 A22
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Laplace-Beltrami operator

XuH2 <Xu X’U> g11  gi12
G:=(vxyvx = ’ =
( ) ( <vaXu> HXvH2 g21 g22

= /det(G) = W) = dX

For (f o X) € C3(Q):

1 2
A f a azg )) a&(aljajf(X(u))
- ,le W(u) zjz:1

a;; are the components of the positive definite symmetric matrix

4 — ( ail  aie ) —wo-l

a21 A22
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Flattened model

Over the planar domain (2

n

IfoX)=> (z— F(X () + A / Z 0;(ai;0;(f o X)) | WdQ

i=1 1,7=1

where X (u;) = x;.
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Flattened model

Over the planar domain (2

2
n 2

IfoX)=> (z— F(X(u)))’ +>\/ > 0i(ai;05(f 0 X)) | WdQ

i=1 Q ij=1

==

where X (u;) = x;.

Conformal coordinates:

Ao X) =3 (5 — (X (i)’ + A / (— A(f o X>)2 a0

i—1 Q
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Proposition 1 (Existence and uniqueness). The estimator f o X that
minimizes Jy(f o X) over H2,(9) satisfies the following relation

o= w43 [ (5800 0) (FAGex) ) wie

Q

for all 1 with 110 X € H2,(). Moreover, the estimate f o X is unique.

Reformulation in H!,(Q) = Finite Element Solution

ok =\ [ V(0 X) V(o X) d = i
Q

AN

/(foX)(po)WdQ—I—/V(foX)V(foX)dQ:O.
Q Q
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Uncertainty quantification

Inferential tools for the model:

e pointwise (simultaneous) confidence bands for f
e prediction intervals for new observations

e Generalized-Cross-Validation for the selection of \
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Test functions

(1) (2) (3)

50 test functions of the form:
f(x,y,z) = ay sin(2mx) + ag sin(27wy) + assin(27wz) + 1
Coefficients: a1, as and as randomly generated from i.i.d. N(1,1).
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Noisy data

(1) (2) (3)

Z; = f(Xz) + €;

ErL Z;L\Jd N(O, 0-5) ) ‘OLO SCIENTIFICO
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Simulations

1. SSR models for non-planar domains
angular map + SSR models for planar domains

Iterative heat kernel smoothing

> W N

angular map+ Multivariate kernel smoothing regression
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SSR model for non-planar domains fit

0.6 N N N
H 0.6 N n
.
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01f T I L
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ob L ] €L € €L
0 L
MSE Geometryl | Geometry2 | Geometry3
SSR over non-planar domains 0.0196(0.0157) 0.0712(0.0677) 0.0661(0.0491)
SSR over planar domains 0.0301(0.0160) 0.1623(0.1463) 0.0743(0.0512)
Iterative Heat Kernel Smoothing 0.0303(0.0448) 0.0625(0.0897) 0.1142(0.0748)
Multivariate Kernel Smoothing 0.0343(0.0313) 0.1290(0.1380) 0.0843(0.0357)
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SSR model for non-planar domains fit
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p-values | Geometry 1 | Geometry 2 | Geometry 3
SSR over non-planar vs. SSR over planar 4.965 x 10— 19 3.894 x 10— 19 3.395 x 10—+
SSR over non-planar vs. Iterative Heat Kernel 1.542 x 1079 0.8101 3.1 x 10710
SSR over non-planar vs. Multivariate Kernel 3.895 x 10~ 19 3.895 x 10~ 19 4.449 x 10~8
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SSR model for non-planar domains fit
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p-values | Geometry 1 | Geometry 2 | Geometry 3
SSR over non-planar vs. SSR over planar 4.965 x 10— 19 3.894 x 10— 19 3.395 x 10—+
SSR over non-planar vs. Iterative Heat Kernel 1.542 x 1079 0.8101 3.1 x 10710
SSR over non-planar vs. Multivariate Kernel 3.895 x 10~ 19 3.895 x 10~ 19 4.449 x 10~8

Iterative Heat Kernel vs. SSR over non-planar  p-value = 0.1925
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Application to hemodynamic data

e E L AT TR Tk = T = T
Ly i
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Future projects

zi =wiB+ f(z) + ¢

MIUR FIRB Futuro in Ricerca research project:

0. include covariates in the

model
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Future projects

0. include covariates in the
model

1. change penalty

n

D> (2= f(x))* + )\/ PDEsy; dX

i—1 2
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Future projects

MIUR FIRB Futuro in Ricerca research project: SNAPLE

0. include covariates in the
model

1. change penalty

2. dynamic in time
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Future projects

0. include covariates in the

. model
e Patient 1:

T T PN
“.w‘ I’C‘,‘.. 1. change penalty

|

e Patient 2 2. dynamic in time

N
L .~ d 3. across patient variability

'.I'
K
‘\
\
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